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Throughout this appendix we use the symbols C and c to denote generic positive con-
stants.

A Technical Appendix

In this part we use the following notation for norms in addition to the ones introduced in the
main paper. Given a mapping F1 : L2([0, 1])→ R, we use as norm of F1 the operator norm
||F1||H′ := sup||f1||2=1 |F1(f1)|. Further, for an integral operator F2 : L2([0, 1]) → L2([0, 1])
with kernel f2 ∈ L2([0, 1] × [0, 1]), denote its Hilbert-Schmidt norm as ||F2||S := ||f2||2,
where in this case || · ||2 is the L2 norm in L2([0, 1]× [0, 1]).

For the following proofs we make use of the following closed form solutions of our least
squares estimators âj,t and β̂t:

α̂t =
mt∑
j=1

âj,tφ̂j,t with âj,t = λ̂−1
j,t

1

n

n∑
i=1

〈Xc
it, φ̂j,t〉(ycit − β̂>t zcit) and

β̂t =
[
K̂z,t − Φ̂t(K̂zX,t)

]−1 [
K̂zy,t − Φ̂t

(
K̂yX,t

)]
,

where

K̂z,t :=
1

n

n∑
i=1

zcitz
c
it
>, K̂zX,t(s) := [K̂z1X,t(s), . . . , K̂zPX,t(s)]

>, K̂zy,t := [K̂z1y,t, . . . , K̂zP y,t]
>,

K̂yX,t(s) :=
1

n

n∑
i=1

ycitX
c
it(s), K̂zpX,t(s) :=

1

n

n∑
i=1

zcp,itX
c
it(s), K̂zpy,t :=

1

n

n∑
i=1

zcp,ity
c
it,

Φ̂t(g) := [Φ̂1,t(g), . . . , Φ̂P,t(g)]>, Φ̂p,t(g) :=
mt∑
j=1

〈K̂zpX,t, φ̂j,t〉〈φ̂j,t, g〉
λ̂j,t

for any g ∈ L2([0, 1]),

and Φ̂t(K̂zX,t) := [Φ̂p,t(K̂zqX,t)]1≤p≤P, 1≤q≤P ;

see Shin (2009) for similar estimators in a cross section context.



For the sake of readability we will proof the lemma and theorems for P = 1, while
the generalization to P > 1 is straightforward and does not add any additional insights.
In this spirit we ease our notation by dropping boldface notation and the dependence on
coordinate labels p.

Now, turning to a formal argumentation, we begin collecting a number of basic results
readily available in the functional data literature. Provided Assumption 1 holds, the ran-
dom variables {(zit, Xit, εit) : 1 ≤ i ≤ n} are iid with finite fourth moments for every
1 ≤ t ≤ T . Moment calculations as well as the results in Hörmann and Kokoszka (2010)
imply for any 1 ≤ t ≤ T as n→∞ that

E

[∣∣∣∣∣∣K̂zX,t −KzX,k

∣∣∣∣∣∣2
2

]
= O(n−1) (6)

E

[∣∣∣K̂z,t −Kz,k

∣∣∣2] = O(n−1) (7)

E

[∣∣∣∣∣∣K̂X,t −KX,k

∣∣∣∣∣∣2
2

]
= O(n−1), (8)

where the index k is such that t ∈ Gk, which we use in what follows without further
reference. In Equation (8) KX,k denotes the covariance function in the k-th regime, i.e.
KX,k(u, v) := E[(Xit(u) − E[Xit](u))(Xit(v) − E[Xit](v))] and in analogy Kz,k := E[(zit −
E[zit])

2]. Further, it obviously holds that

E
[
|z̄t − E[zit]|2

]
= O(n−1)

E
[∣∣∣∣X̄t − E[Xit]

∣∣∣∣2
2

]
= O(n−1),

E
[
||K̂Xε,t||22

]
= O(n−1)

E
[
|K̂zε,t|2

]
= O(n−1)

where

K̂Xε,t := n−1

n∑
i=1

Xc
itε

c
it

and K̂zε,t := n−1

n∑
i=1

zcitε
c
it.

Denote the Hilbert-Schmidt norm of the distance between t-wise empirical covariance
operator and population covariance operator as Dt := ||Γ̂t − Γk||S . Note that for any
1 ≤ j ≤ n, |λ̂j,t−λj,k| ≤ Dt almost surely (see Theorem 1 in Hall and Hosseini-Nasab, 2006
and references therein). Since E[Dqt ] = O(n−q/2) for q = 1, 2, . . . (provided sufficiently high
moments exist) it holds that

E
[∣∣∣λ̂j,t − λj,k∣∣∣q] = O(n−q/2) q = 1, 2 . . . (9)

II



for any 1 ≤ j ≤ mt (cf. Equation A.11 in Kneip et al., 2016).
As a final observation, note that combining the results in Shin (2009) and Hall and

Horowitz (2007) allows to conclude that for any 1 ≤ t ≤ T

||Φ̂t − Φk||2H′ =

∣∣∣∣∣
∣∣∣∣∣
m∑
j=1

〈K̂zX,t, φ̂j,t〉
λ̂j,t

φ̂j,t −
∞∑
j=1

〈KzX,k, φj,k〉
λj,k

φj,k

∣∣∣∣∣
∣∣∣∣∣
2

2

= Op

(
n

1−2ν
µ+2ν

)
, (10)

where we denote mt = m for simplicity, which we continue to do without further reference.
The mapping Φk : L2([0, 1]) → R is the population counterpart of Φ̂t and was implicitly
used already in Assumption 6. It is formally defined according to

Φk(g) :=
∞∑
j=1

〈KzX,k, φj,k〉
λj,k

〈φj,k, g〉 (11)

for any g ∈ L2([0, 1]).

A.1 Proof of Theorem 4.1

Consider any 1 ≤ t ≤ T , with t in some regime k, i.e. t ∈ Gk. Note that the estimator β̂t
can be written as

β̂t = B̂−1
t [K̂zy,t − Φ̂t(K̂yX,t)]

with B̂t := [K̂z,t− Φ̂t(K̂zX,t)]. Regarding the inverse in β̂t note that it follows from (6), (7),
and (10) in analogy to Shin (2009) that

B̂t := [K̂z,t − Φ̂t(K̂zX,t)]
P→ [Kz,k − Φk(KzX,k)] =: Bk > 0

as n → ∞, which certainly implies B̂−1
t = B−1

k + op(1) by the continuous mapping theo-
rem, whereas Bk = E[s2

it] > 0 follows from Assumption 6. To see this also consider the
decomposition shown in (25). As in Shin (2009), we assess the difference

β̂t − βt = B̂−1
t

[
n−1

n∑
i=1

(
zcit − Φ̂t(X

c
it)
)

(〈Xc
it, αt〉+ εcit)

]

by splitting the term n−1
∑n

i=1

(
zcit − Φ̂t(X

c
it)
)

(〈Xc
it, αt〉+ εcit) according to

∣∣∣∣∣n−1

n∑
i=1

(
zcit − Φ̂t(X

c
it)
)

(〈Xc
it, αt〉+ εcit)

∣∣∣∣∣ ≤ |R0,1,t|+ |R0,2,t|+ |R0,3,t|,
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where, in analogy to her work,

R0,1,t := n−1

n∑
i=1

(zcit − Φk(X
c
it))ε

c
it = Op(n

−1/2)

R0,2,t := n−1

n∑
i=1

(Φk(X
c
it)− Φ̂t(X

c
it))ε

c
it = Op(n

−1/2).

due to the exogeneity of the covariates and the assumed iid nature of the error term (cf.
Assumption 1). However, the remaining term we approach in a different manner:

|R0,3,t| :=

∣∣∣∣∣n−1

n∑
i=1

(zcit − Φ̂t(X
c
it))〈Xc

it, αt〉

∣∣∣∣∣
≤
∣∣∣〈K̂zX,t −KzX,k, αt〉

∣∣∣+

∣∣∣∣∣〈KzX,k, αt〉 − n−1

n∑
i=1

Φ̂t(X
c
it)〈Xc

it, αt〉

∣∣∣∣∣
≤ R1,1,t +R1,2,t

where for R1,1,t

R1,1,t :=
∣∣∣〈K̂zX,t −KzX,k, αt〉

∣∣∣
≤ ||αt||2 · ||K̂zX,t −KzX,k||2
= Op(n

−1/2)

as a consequence of (6). The second term, R1,2,t, in R0,3,t is defined as

R1,2,t :=

∣∣∣∣∣〈KzX,k, αt〉 − n−1

n∑
i=1

Φ̂t(X
c
it)〈Xc

it, αt〉

∣∣∣∣∣
≤ R2,1 +R2,2,t,

with

R2,1 :=

∣∣∣∣∣
∞∑

j=m+1

〈KzX,k, φj,k〉a∗j,t

∣∣∣∣∣
R2,2,t :=

∣∣∣∣∣
m∑
j=1

〈KzX,k, φj,k〉a∗j,t −
m∑
j=1

〈K̂zX,t, φ̂j,t〉〈φ̂j,t, αt〉

∣∣∣∣∣ ,
where we used a∗j,t := 〈αt, φj,k〉 due to Assumptions 2, 4 and 5. For the first term observe

R2,1 = O
(
n

1−µ−2ν
µ+2ν

)
= O(n−1/2). The second one can be split in three parts

R2,2,t ≤ R3,1,t +R3,2,t +R3,3,t
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with

R3,1,t := ||K̂zX,t −KzX,k||2
m∑
j=1

(
||φ̂j,t − φj,k||2 · ||αt||2 + |a∗j,t|

)
,

R3,2,t := ||αt||2
m∑
j=1

|〈KzX,k, φj,k〉| · ||φ̂j,t − φj,k||2

and

R3,3,t := ||KzX,k||2 · ||αt||2
m∑
j=1

||φ̂j,t − φj,k||22 + ||KzX,k||2
m∑
j=1

||φ̂j,t − φj,k||2 · |a∗j,t|.

An assessment of the asymptotic properties of R3,1,t, R3,2,t and R3,3,t requires to examine

the asymptotic properties of ||φ̂j,t−φj,k||22 explicitly. Bounds can, for example, be obtained
from Theorem 1 in Hall and Hosseini-Nasab (2006) as

||φ̂t,j − φj,k||q2 ≤
[

81/2Dt
min1≤l≤j{λj,k − λj+1,k})

]q
almost surely (12)

which holds for 1 ≤ j ≤ m, q = 1, 2, . . . and any size n of the cross section (see also Equation
(5.2) in Hall and Horowitz, 2007). In the context of theory for functional linear regression,
Hall and Horowitz (2007) develop asymptotic bounds on ||φ̂j,t−φj,k||22, 1 ≤ j ≤ m, which are
valid on events which occur with probability tending to one as n→∞. These bounds are
particularly helpful, when addressing (weighted) sums over estimation errors as they appear
e.g. in R3,1,t–R3,3,t. We will make use of these bounds, slightly adapting the arguments in
Hall and Horowitz (2007), in order to formulate the result more explicitly. For this purpose
we consider the three events

1. F1,n,t :=
{
Cn

2(1+µ)
µ+2ν D2

t ≤ 1/8
}

2. F2,n,t :=
{
|λ̂j,t − λl,k|−2 ≤ 2|λj,k − λl,k|−2 ≤ Cn

2(1+µ)
µ+2ν , 1 ≤ j ≤ m, j 6= l ∈ N

}
.

3. F3,n,t := F1,n,t ∩ F2,n,t

of which the second coincides with their work and the first one is a straightforward derivative
of their arguments. Denoting the complement of a set A as Ac, note that P(F c1,n,t) = o(1)
as well as P(F c2,n,t) = o(1) due Assumptions 4–5 and root-n consistency of the empirical
covariance operator and its corresponding eigenvalues as well as assuming the constants
in F1,n,t and F2,n,t to be appropriate. Since P(F c3,n,t) ≤ P(F c1,n,t) + P(F c2,n,t), we conclude
P(F c3,n,t) = o(1). We also show that this property holds uniformly over 1 ≤ t ≤ T as
(n, T ) → ∞ in the proof of Lemma 4.1 below. Equation (5.21) in Hall and Horowitz
(2007), reads in our notation as

||φ̂j,t − φj,k||22 ≤ 8
(

1− 4Cn
2(1+µ)
µ+2ν D2

t

)−1

R
(φ)
j,t , (13)

where R
(φ)
j,t :=

∑
l:l 6=j

(λj,k − λl,k)−2

[∫ 1

0

∫ 1

0

(K̂X,t(u, v)−KX,k(u, v))φj,k(u)φl,k(v)dudv

]2

.
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The inequality in (13) is valid on F2,n,t, whereas the constant C on the right hand side is
the constant in F1,n,t. On this event F1,n,t it further holds that(

1− 4Cn
2(1+µ)
µ+2ν D2

t

)−1

≤ 2

which implies, that on F3,n,t, it holds that

||φ̂j,t − φj,k||22 ≤ 16R
(φ)
j,t . (14)

Note that Equation (5.22) in Hall and Horowitz (2007) states that

E
[
R

(φ)
j,t

]
= O

(
j2n−1

)
(15)

uniformly in 1 ≤ j ≤ m (see also the corresponding proof of Equation (5.22) in Section 5.3
in Hall and Horowitz, 2007). Note that (14) obviously implies that on F3,n,t,

||φ̂j,t − φj,k||2 ≤ 4
(
R

(φ)
j,t

) 1
2

(16)

of which the right hand side has the property E

[(
R

(φ)
j,t

)1/2
]
≤ E

[
R

(φ)
j,t

]1/2

= O
(
jn−1/2

)
uniformly over 1 ≤ j ≤ m, what follows from Jensen’s inequality and (15).

These observations imply that

P

(
nm−3

m∑
j=1

||φ̂j,t − φj,k||22 > c

)
≤ P

(
16nm−3

m∑
j=1

R
(φ)
j,t > c

)
+ P

(
F c3,n,t

)

≤
nm−3

∑m
j=1E

[
R

(φ)
j,t

]
c/16

+ o(1) (17)

by the Markov inequality. The numerator on the right hand side of (17) is bounded above as
a consequence of (15) and Assumptions 4 & 5, and thus

∑m
j=1 ||φj,t−φj,k||22 = Op (n−1m3).

From this and Assumptions 4 & 5, of which the former is slightly stronger than in Hall and
Horowitz (2007) and Shin (2009), we conclude for the first summand in R3,3,t,

||KzX,k||2 · ||αt||2
m∑
j=1

||φ̂j,t − φj,k||22 = Op(n
−1m3)

= Op

(
n

3−µ−2ν
µ+2ν

)
= Op(n

−1/2)

because ν > 3− µ/2. Note that from our observations for (16), we can further conclude

m∑
j=1

||φ̂j,t − φj,k||2 = Op(n
−1/2m2)
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using similar arguments as before. We have n−1/2m2 = n
2−µ/2−ν
µ+2ν = o(1) by Assumption

4, which allows to conclude in combination with (6) and Assumption 2, that R3,1,t =
Op(n

−1/2).
Using similar arguments as for (17), allows us to conclude for the second term in R3,3,t:

P

(
n1/2

m∑
j=1

||φ̂j,t − φj,k||2 · |a∗j,t| > c

)
≤ P

(
4n1/2

m∑
j=1

(
R

(φ)
j,t

)1/2

Caj
−ν > c

)
+ P

(
F c3,n,t

)

≤
n1/2

∑m
j=1E

[
R

(φ)
j,t

]1/2

j−ν

c/(4Ca)
+ o(1),

where the numerator on the right hand side of the last inequality is bounded above thanks
to Assumptions 4–5 as well as our observation in (16). An analogue argument shows
R3,2,t = Op(n

−1/2) (see also points 3 and 4 in Assumption 2 to see this).

Combining arguments implies β̂t−βt = Op(n
−1/2) for every 1 ≤ t ≤ T , which concludes

the proof of the first result in Theorem 4.1. Turning to α̂t note that

||α̂t − αt||22 ≤ 3
m∑
j=1

(âj,t − a∗j,t)2 + 3m
m∑
j=1

(a∗j,t)
2||φ̂j,t − φj,k||22 + 3

∞∑
j=m+1

(a∗j,t)
2.

The results in Hall and Horowitz (2007) and Shin (2009) immediately translate to

m
∑m

j=1(a∗j,t)
2||φ̂j,t − φj,k||22 and

∑∞
j=m+1 a

∗
j,t which are both Op

(
n

1−2ν
µ+2ν

)
. The remaining

term can be split according to
m∑
j=1

(âj,t − a∗j,t)2 ≤2
m∑
j=1

(λ̂−1
j,t 〈K̂

#
yX,t − β̂tK̂

#
zX,t, φ̂j,t〉 − a

∗
j,t)

2 + 2
m∑
j=1

(λ̂−1
j,t 〈ry,trx,t − β̂trz,trx,t, φ̂j,t〉)2

(18)

with K̂#
yX,t := n−1

∑n
i=1(yit − E[yit])(Xit − E[Xit]), K̂

#
zX,t := n−1

∑n
i=1(zit − E[zit])(Xit −

E[Xit]), rx,t := E[Xit]− X̄t, ry,t := E[yit]− ȳt and rz,t := E[zit]− z̄t. Note that ||rx,t||2, |ry,t|
and |rz,t| all correspond to errors from parametric estimation problems and are thus of

order n−1/2. Bounds on λ̂j,t − λj,k as well as ||φ̂j,t − φj,k||2 are asymptotically equiva-
lent for data centered around their arithmetic mean and data centered around their pop-
ulation expectation. Together with the above arguments it follows that the first term
in (18) is asymptotically equivalent to the corresponding term in Shin (2009), implying∑m

j=1(λ̂−1
j,t 〈K̂

#
yX,t − β̂tK̂

#
zX,t, φ̂j,t〉 − a∗j,t)2 = Op

(
n

1−2ν
µ+2ν

)
. Now, define the event

F4,n,t := {|λ̂j,t − λj,k| < λj,k/2 : 1 ≤ j ≤ m}

for which we conclude P(F c4,n,t) = o(1) for any 1 ≤ t ≤ T as n → ∞ as a consequence of
(9). On this event the second term in (18) can be bounded according to

m∑
j=1

(λ̂−1
j,t 〈ry,trX,t − β̂trz,trX,t, φ̂j,t〉)2 ≤ 8

m∑
j=1

λ−2
j,kr

2
y,t||rX,t||22 + 8

m∑
j=1

λ−2
j,k β̂

2
t r

2
z,t||rX,t||22

= Op

(
n

1+2µ−2µ−4ν
µ+2ν

)
= op

(
n

1−2ν
µ+2ν

)
.
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Finally combining arguments yields ||α̂t − αt||22 = Op(n
1−2ν
µ+2ν ) for any 1 ≤ t ≤ T as n→∞,

which concludes the proof of the second part of Theorem 4.1. �

A.2 Proof of Lemma 4.1

In what follows we show that the quantities α̂
(∆)
t are consistent for α

(∆)
t in the L2 norm,

uniformly over 1 ≤ t ≤ T . The remaining claims in the Lemma are required for this result
to hold and are validated en route.

We begin introducing additional notation and listing a number of basic observations,
which are a consequence of the iid sampling scheme in the cross section as well as sta-
tionarity of the regressors and the error over time within regimes. Note that since the
random variables {(Xit, zit, εit) t ∈ Gk, 1 ≤ i ≤ n} are stationary, expectations of the
below statistics calculated from these random variables do not vary over index t for a given
regime k. In order to reduce the complexity of our notation, however, we do not make this
invariance explicit in every step. For the following properties we also use the results in Hall
and Horowitz (2007) and Hörmann and Kokoszka (2010).

• Based on the above convention for our notation, we conclude, using the results in
Hörmann and Kokoszka (2010), our first observation:

P
(

max
1≤t≤T

D2
t > c

)
≤

K∑
k=1

∑
t∈Gk

P
(
D2
t > c

)
≤ K max

1≤k≤K
|Gk|

E [D2
t ]

c
= O(nδ−1) = o(1),

since |Gk| ∝ T ∝ nδ according to Assumption 3, which we will use in what follows
without reference.

• Further, empirical variances of zit and εit behave according to

P
(

max
1≤t≤T

|K̂z,t −Kz,k|2 > c

)
≤ K max

1≤k≤K
|Gk|

n−1E [|(zit − E[zit])
2 −Kz,k|2]

c
+K max

1≤k≤K
|Gk|

E [(z̄t − E[zit])
4]

c

= O(nδ−1) +O(nδ−2) = o(1) (19)

and similarly

P

(
max

1≤t≤T

∣∣∣∣∣n−1

n∑
i=1

(εit − ε̄t)2 − σ2
ε

∣∣∣∣∣ > c

)
≤ K max

1≤k≤K
|Gk|

n−1E [(ε2it − σ2
ε )

2]

c
+K max

1≤k≤K
|Gk|

E [ε̄4t ]

c

= O(nδ−1) +O(nδ−2) = o(1).

• In analogy to before introduce K̂#
zε,t := n−1

∑n
i=1(zit−E[zit])(εit−E[εit]) and K̂#

Xε,t(u) :=
n−1

∑n
i=1(Xit(u) − E[Xit](u))εit as well as rε,t := ε̄t. It follows from simple moment
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calculations for the cross sectional empirical covariances between regressors and error
that

P
(

max
1≤t≤T

||K̂Xε,t||22 > c

)
≤

T∑
t=1

P
(
||K̂#

Xε,t||
2
2 > c/4

)
+

T∑
t=1

P
(
||rx,t||22r2

ε,t > c/4
)

≤ K max
1≤k≤K

|Gk|
n−1σ2

ε,kE [||Xit − E[Xit]||22]

c
+K max

1≤k≤K
|Gk|

E[(ε̄t)
2]E

[
||X̄t − E[Xit]||22

]
c

= O(nδ−1) +O(nδ−2) = o(1) (20)

Similar arguments can be used to show

P
(

max
1≤t≤T

|K̂zε,t|2 > c

)
= O(nδ−1) +O(nδ−2) = o(1). (21)

• Uniform consistency of the empirical covariance K̂zX,t(u) can be shown with similar
arguments according to

P
(

max
1≤t≤T

||K̂zX,t −KzX,k||22 > c

)
≤

T∑
t=1

P
(
||K̂#

zX,t −KzX,k||22 > c
)

+
T∑
t=1

P
(
||rx,t||22r2

z,t > c
)

≤K max
1≤k≤K

|Gk|
n−1E [||(zit − E[zit])(Xit − E[Xit])−KzX,k||22]

c

+K max
1≤k≤K

|Gk|
E
[
r2
z,t

]
E [||rx,t||22]

c

= O(nδ−1) +O(nδ−2) = o(1). (22)

• Beyond the above observations, the following part of the proof requires the term∑m
j=1 λ̂

−2
j,t ||φj,k − φ̂j,t||22 to vanish in probability, uniformly over 1 ≤ t ≤ T .

To see this, note that E[R
(φ)
j,t ] as in (15) does not vary over the index t ∈ Gk within

a regime k, but potentially across regimes k = 1, . . . , K. This due to the stationarity
of the functional regressor within regimes as postulated in Assumption 1. We thus
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conclude:

P

(
max

1≤t≤T

m∑
j=1

λ̂−2
j,t ||φj,k − φ̂j,t||22 > c

)

≤
T∑
t=1

P

(
m∑
j=1

λ̂−2
j,t ||φj,k − φ̂j,t||22 > c

)

≤
T∑
t=1

(
P

(
16 · 4C−2

λ

m∑
j=1

j2µR
(φ)
j,t > c

)
+ P

(
F c1,n,t

)
+ P

(
F c2,n,t

)
+ P

(
F c4,n,t

))

≤K max
1≤k≤K

|Gk|

∑m
j=1E

[
R

(φ)
j,t

]
j2µ

c · C2
λ/(16 · 4)

+
T∑
t=1

(
P
(
F c1,n,t

)
+ P

(
F c2,n,t

)
+ P

(
F c4,n,t

))
=O

(
Tn−1m3+2µ

)
+

T∑
t=1

(
P
(
F c1,n,t

)
+ P

(
F c2,n,t

)
+ P

(
F c4,n,t

))
, (23)

where Cλ is the constant from point 1 in Assumption 2. To obtain the second in-
equality, we used once more that λ̂j,t ≥ λj,k/2 for 1 ≤ j ≤ m on F4,n,t. The sequence
in (23) is a null sequence because on the one hand

Tn−1m3+2µ = O
(
n

3+(1+δ)µ−2(1−δ)ν
µ+2ν

)
= o(1)

thanks to Assumption 4 and on the other hand since

T∑
t=1

P
(
F cl,n,t

)
≤ K max

1≤k≤K
|Gk|P

(
F cl,n,t

)
= o (1) , l = 1, 2, 4

as we argue next. First we observe

K max
1≤k≤K

|Gk|P(F c1,n,t) =K max
1≤k≤K

|Gk|P
(
Cn

2(1+µ)
µ+2ν D2

t > 1/8
)

≤ K max
1≤k≤K

|Gk|8Cn
2(1+µ)
µ+2ν E[D2

t ]

= O
(
n

2+(1+δ)µ−2(1−δ)ν)
µ+2ν

)
= o(1)
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for any C > 0 (cf. Assumption 4). Second, we argue that

K max
1≤k≤K

|Gk|P(F c2,n,t) = K max
1≤k≤K

|Gk|P(∃1 ≤ j ≤ m, j 6= l : |λ̂j,t − λl,k|−2 > 4|λj,k − λl,k|−2)

= K max
1≤k≤K

|Gk|P(∃1 ≤ j ≤ m, j 6= l : |λ̂j,t − λl,k| <
1

2
|λj,k − λl,k|)

≤ K max
1≤k≤K

|Gk|P(∃1 ≤ j ≤ m, j 6= l : |λ̂j,t − λj,k| >
1

2
|λj,k − λl,k|)

≤ K max
1≤k≤K

|Gk|P(Dt >
1

2
min{λj,k − λj+1,k, λj−1,k − λj,k})

≤ K max
1≤k≤K

|Gk|
E[D2

t ]

min{λj,k − λj+1,k, λj−1,k − λj,k}2/4

= O
(
Tn−1m2(1+µ)

)
= o(1)

by the fact that Dt ≥ supj |λ̂j,t − λj,k| almost surely as well as Assumptions 2–5. In
lines of our arguments from the proof of Theorem 4.1, we concludeK max1≤k≤K |Gk|P(F c3,n,t) =
o(1). Beyond that it holds

K max
1≤k≤K

|Gk|P(F c4,n,t) ≤ K max
1≤k≤K

|Gk|P
(

sup
1≤j≤m

|λ̂j,t − λj,k| >
1

2
λm,k

)
≤ K max

1≤k≤K
|Gk|P

(
Dt >

1

2
λm,k

)
≤ K max

1≤k≤K
|Gk|

4E [D2
t ]

λ2
m,k

= O
(
nδn

µ−2ν
µ+2ν

)
= o(1)

again thanks to Assumption 4. Note that our result in (23) implies in particular that

P

(
max

1≤t≤T

m∑
j=1

||φj,k − φ̂j,t||22 > c

)
= o(1),

which will be used without further reference in what follows.

• As a last observation, we note that max1≤t≤T ||αt||2 = max1≤k≤K ||Ak||2 is a constant
and does not vary in t and neither in k.

Now, turning to our concrete arguments for α̂
(∆)
t , we note that the scaling which dis-

tinguishes α̂
(∆)
t from α̂t is composed by σ̂ε,t and the empirical eigenvalues λ̂j,t ,1 ≤ j ≤ m.

While the latter can be treated in a comparably simple way, σ̂ε,t requires closer attention.
We thus begin focusing on this object and its constituents. For this purpose, define the
event Sn,t for later use according to

Sn,t :=

{∣∣σ̂2
ε,t − σ2

ε,k

∣∣ ≤ 1

2
σ2
ε,k

}
.
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We show in a moment that
∑T

t=1 P(Scn,t) = o(1). However this requires some prepara-

tion since σ̂2
ε,t includes estimation errors from β̂t and α̂t. We thus start arguing that (i)

P(max1≤t≤T |β̂t−βt| > c) = o(1) and (ii) P(max1≤t≤T ||α̂t−αt||2 > c) = o(1), as claimed in

the lemma. Turning to the first point, note that the estimator β̂t makes multiple use of the
operator Φ̂t, which can, starting from the Riesz-Frechet representation Theorem (cf. Shin,
2009), be handled according to∣∣∣∣∣∣Φ̂t − Φk

∣∣∣∣∣∣2
H′

= 3R4,1,t + 3R4,2,t + 3R4,3.

The last summand is defined as R4,3 :=
∣∣∣∣∣∣∑∞j=m+1

〈KzX,k,φj,k〉
λj,k

φj,k

∣∣∣∣∣∣2
2
, which is independent of

t and o(1) because the truncation parameter diverges at infinity and hence R4,3 is arbitrarily
small for n large enough. The remaining summands are defined and handled as follows.
For the first one we observe that

R4,1,t :=

∣∣∣∣∣
∣∣∣∣∣
m∑
j=1

(
〈K̂zX,t, φ̂j,t〉

λ̂j,t
− 〈KzX,k, φj,k〉

λj,k

)
φ̂j,t

∣∣∣∣∣
∣∣∣∣∣
2

2

≤2
m∑
j=1

(λ̂j,tλj,k)
−2
[
〈λj,kK̂zX,t − λ̂j,tKzX,k, φj,k〉+ 〈λj,kK̂zX,t, (φ̂j,t − φj,k)〉

]2

≤4
m∑
j=1

(λ̂j,tλj,k)
−2
[
〈KzX,k, φj,k〉2(λj,k − λ̂j,t)2 + 〈K̂zX,t −KzX,k, φj,k〉2λ2

j,k

]
+ 2

m∑
j=1

(λ̂j,t)
−2〈K̂zX,t, (φ̂j,t − φj,k)〉2

≤4
m∑
j=1

(λ̂j,tλj,k)
−2〈KzX,k, φj,k〉2(λj,k − λ̂j,t)2

︸ ︷︷ ︸
=:R5,1,t

+4
m∑
j=1

||K̂zX,t −KzX,k||22λ̂−2
j,t︸ ︷︷ ︸

=:R5,2,t

+ 2
m∑
j=1

λ̂−2
j,t ||K̂zX,t||22||φ̂j,t − φj,k||22︸ ︷︷ ︸

=:R5,3,t

.

For the three summands R5,1,t, R5,2,t, R5,3,t we use our above observation as well Assump-
tions 1–5 to conclude the following:
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Ad R5,1,t:

T∑
t=1

P

(
m∑
j=1

(λ̂j,tλj,k)
−2〈KzX,k, φj,k〉2(λj,k − λ̂j,t)2 > c

)

≤K max
1≤k≤K

|Gk|P

(
4

m∑
j=1

λ−4
j,k〈KzX,k, φj,k〉2(λj,k − λ̂j,t)2 > c

)
+K max

1≤k≤K
|Gk|P

(
F c4,n,t

)
≤K max

1≤k≤K
|Gk|

E[D2
t ]
∑m

j=1 λ
−4
j,k〈KzX,k, φj,k〉2

c/4
+ o(1)

=O(nδ−1) + o(1) = o(1).

Ad R5,2,t:

T∑
t=1

P

(
m∑
j=1

||K̂zX,t −KzX,k||22λ̂−2
j,t > c

)

≤ K max
1≤k≤K

|Gk|P

(
4

m∑
j=1

||K̂zX,t −KzX,k||22λ−2
j,k > c

)
+K max

1≤k≤K
|Gk|P(F c4,n,t)

≤ K max
1≤k≤K

|Gk|

∑m
j=1 λ

−2
j,kE

[
||K̂zX,t −KzX,k||22

]
c/4

+ o(1)

= O
(
n

1+(1+δ)µ−2(1−δ)ν
µ+2ν

)
+ o(1)

= o(1).

Ad R5,3,t:

T∑
t=1

P

(
m∑
j=1

λ̂−2
j,t ||K̂zX,t||22||φ̂j,t − φj,k||22 > c

)

≤K max
1≤k≤K

|Gk|P

(
2||KzX,k||22

m∑
j=1

λ̂−2
j,t ||φ̂j,t − φj,k||22 > c1/2

)
+K max

1≤k≤K
|Gk|P

(
2||K̂zX,t −KzX,k||22 > c1/4

)
+K max

1≤k≤K
|Gk|P

(
2

m∑
j=1

λ̂−2
j,t ||φ̂j,t − φj,k||22 > c1/4

)
=o(1).

Since P (max1≤t≤T R4,1,t > c) ≤
∑3

l=1

∑T
t=1 P (R5,l,t > c/3), it follows that P (max1≤t≤T R4,1,t > c) =

o(1). For R4,2,t, defined as

R4,2,t :=

∣∣∣∣∣
∣∣∣∣∣
m∑
j=1

〈KzX,k, φj,k〉
λj,k

(φj,k − φ̂j,t)

∣∣∣∣∣
∣∣∣∣∣
2

2

,
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we note this expression can be most easily handled using the almost sure bound in (12)
according to

K max
1≤k≤K

|Gk|P

∣∣∣∣∣
∣∣∣∣∣
m∑
j=1

〈KzX,k, φj,k〉
λj,k

(φj,k − φ̂j,t)

∣∣∣∣∣
∣∣∣∣∣
2

2

> c


≤K max

1≤k≤K
|Gk|P

(
m

m∑
j=1

〈KzX,k, φj,k〉2

λ2
j,k

∣∣∣∣∣∣φj,k − φ̂j,t∣∣∣∣∣∣2
2
> c

)

K max
1≤k≤K

|Gk|P

(
mD2

t

m∑
j=1

〈KzX,k, φj,k〉2

λ2
j,k

j2(1+µ)

C ′λ
> c

)

≤K max
1≤k≤K

|Gk|
mE[D2

t ]
∑m

j=1〈KzX,k, φj,k〉2j2(1+µ)/λ2
j,k

c · C ′λ
=O

(
mnδ−1

)
= o(1).

thanks to Assumption 2–5. In particular, these results imply

P
(

max
1≤t≤T

||Φ̂t − Φk||2H′ > c

)
= o(1). (24)

To proceed we work again on the differences (β̂t − βt) = B̂−1
t (R0,1,t +R0,2,t +R0,3,t)

with R0,1,t, R0,2,t and R0,3,t as in the proof of Theorem 4.1. Addressing the inverse in these

differences, define the t-wise event Qn,t := {|B̂t − Bk| ≤ 1
2
Bk}. For this event, note that∑T

t=1 P
(
Qc
n,t

)
≤ R6,1 +R6,2, where R6,1 :=

∑T
t=1 P

(
|K̂z,t −Kz,k|2 > c

)
= o(1) as shown in

(19). For R6,2 we use the arguments in Shin (2009) to obtain

R6,2 :=
T∑
t=1

P
(
||Φ̂t − Φk||2H′||KzX,k||22 + (||Φ̂t − Φk||H′ + ||Φk||H′)2||K̂zX,t −KzX,k||22 > c

)
(25)

≤K max
1≤k≤K

|Gk|P
(
||Φ̂t − Φk||2H′||KzX,k||22 > c

)
︸ ︷︷ ︸

=:R7,1

+K max
1≤k≤K

|Gk|P
(

2||Φ̂t − Φk||2H′ ||K̂zX,t −KzX,k||22 > c1/2
)

︸ ︷︷ ︸
=:R7,2

+K max
1≤k≤K

|Gk|P
(

2||Φk||2H′||K̂zX,t −KzX,k||22 > c1/2
)

︸ ︷︷ ︸
=:R7,3

.
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As shown before R7,1, R7,3 = o(1). Further

R7,2 ≤ K max
1≤k≤K

|Gk|P
(
||Φ̂t − Φk||2H′||K̂zX,t −KzX,k||22 > c1/2

)
≤ K max

1≤k≤K
|Gk|P

(
||Φ̂t − Φk||2H′ > c1/4

)
+K max

1≤k≤K
|Gk|P

(
||K̂zX,t −KzX,k||22 > c1/4

)
= o(1).

For uniform consistency of β̂t it remains to show that

• P(max1≤t≤T |R0,1,t| > c) = o(1),

• P(max1≤t≤T |R0,2,t| > c) = o(1) and

• P(max1≤t≤T |R0,3,t| > c) = o(1).

For this we argue

P
(

max
1≤t≤T

|R0,1,t| > c

)
= P

(
max

1≤t≤T

∣∣∣∣∣n−1

n∑
i=1

(zcit − Φk(X
c
it))ε

c
it

∣∣∣∣∣ > c

)

≤ K max
1≤k≤K

|Gk|P
(∣∣∣K̂zε,t

∣∣∣2 > c2/4

)
+K max

1≤k≤K
|Gk|P

(
||Φk||2H′||K̂εX,t||22 > c2/4

)
= o(1)

due to (20) and (21). Further note for R0,2,t

P
(

max
1≤t≤T

|R0,2,t| > c

)
= P

(
max

1≤t≤T

∣∣∣Φ̂t(K̂εX,t)− Φk(K̂εX,t)
∣∣∣ > c

)
≤ K max

1≤k≤K
|Gk|P

(
||Φ̂t − Φk||H′ ||K̂εX,t||2 > c

)
≤K max

1≤k≤K
|Gk|P

(
||K̂εX,t||22 > c

)
+K max

1≤k≤K
|Gk|P

(
||Φ̂t − Φk||2H′ > c

)
=o(1)

as a consequence of (20) and (24). For the remaining terms, we argue along the same lines
as in the proof of Theorem 4.1:

P
(

max
1≤t≤T

|R0,3,t| > c

)
≤ P

(
max

1≤t≤T
|R1,1,t| > c

)
+ P

(
max

1≤t≤T
|R1,2,t| > c

)

P
(

max
1≤t≤T

|R1,1,t| > c

)
≤ P

(
max

1≤t≤T
||αt||2 · ||K̂zX,t −KzX ||2 > c

)
= o(1)
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because of (22). The remaining term was shown to be bounded according to R1,2 ≤ R2,1,t+
R2,2,t, where the two summands are defined above. While R2,1 = O(n−1/2) deterministically
and independently of t, note for the second summand R2,2,t ≤ R3,1,t+R3,2,t+R3,3,t as before
and further:

P
(

max
1≤t≤T

|R3,1,t| > c

)
≤K max

1≤k≤K
|Gk|P

(
m∑
j=1

||K̂zX,t −KzX,k||2(||φ̂j,t − φj,k||2 · ||Ak||2 + |a∗j,t|) > c

)

≤K max
1≤k≤K

|Gk|P

(
2||K̂zX,t −KzX,k||2 · ||Ak||2

m∑
j=1

||φ̂j,t − φj,k||2 > c

)

+K max
1≤k≤K

|Gk|P

(
2||K̂zX,t −KzX,k||2

m∑
j=1

|a∗j,t| > c

)

≤K max
1≤k≤K

|Gk|P

(
2||K̂zX,t −KzX,k||2 · ||Ak||24

m∑
j=1

(
R

(φ)
j,t

)1/2

> c

)
+K max

1≤k≤K
|Gk|P

(
F c3,n,t

)
+ o(1)

≤K max
1≤k≤K

|Gk|
||Ak||22 · E

[
||K̂zX,t −KzX,k||22

] 1
2
m

1
2

(∑m
j=1E

[
R

(φ)
j,t

]) 1
2

c
+ o(1) + o(1)

=O(nδ−1m2) + o(1) = o(1),

due to Assumptions 2–5 and our above observations. Further for R3,2,t similar arguments
yield:

P
(

max
1≤t≤T

|R3,2,t| > c

)
≤K max

1≤k≤K
|Gk|P

(
||Ak||2

m∑
j=1

|〈KzX,k, φj,k〉| · ||φ̂j,t − φj,k||2 > c

)

≤K max
1≤k≤K

|Gk|
||Ak||22 · 16 · C2

zXm
∑m

j=1 j
−2(µ+ν)E

[
R

(φ)
j,t

]
c

+K max
1≤k≤K

|Gk|P
(
F c3,n,t

)
=O(mnδ−1) + o(1) = o(1).

Similarly, we argue for R3,3,t,

P
(

max
1≤t≤T

|R3,3,t| > c

)
≤K max

1≤k≤K
|Gk|P

(
||KzX,k||2||Ak||2

m∑
j=1

||φ̂j,t − φj,k||22 > c

)

+K max
1≤k≤K

|Gk|P

(
||KzX,k||2

m∑
j=1

||φ̂j,t − φj,k||2|a∗j,t| > c

)
= o(1)
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where the first term is a null sequence as implied by (23). The second term is of the order
O(nδ−1m) = o(1) which follows from analogous arguments as used for R3,2,t.

Combining our above arguments, we conclude P(max1≤t≤T (β̂t − βt)
2 > c) = o(1) as

claimed in the lemma.

Now, turning to the estimation error in α̂t we employ upper bounds

P
(

max
1≤t≤T

||α̂t − αt||22 > c

)
≤ K max

1≤k≤K
|Gk|P

(
||α̂t − αt||22 > c

)
≤ R8,1 +R8,2 +R8,3 +R8,4.

While the four summands on the right and side are defined below, the term
∑∞

j=m+1 a
∗
j,t

2

does not appear in the upper bound, as it is a null sequence and hence arbitrarily small for
sufficiently large n (cf. Assumptions 2,4 and 5). The terms R8,1 −R8,4 are as follows:

Ad R8,1:

R8,1 := K max
1≤k≤K

|Gk|P

 m∑
j=1

λ̂−2
j,t

(
n−1

n∑
i=1

〈Xc
it, φ̂j,t〉εcit

)2

> c


≤ K max

1≤k≤K
|Gk|

4
∑m

j=1 λ
−2
j,kE

[
||K̂Xε,t||22

]
c

+K max
1≤k≤K

|Gk|P
(
F c4,n,t

)
= O

(
n

1+(1+δ)µ−2(1−δ)ν
µ+2ν

)
+ o(1) = o(1)

due to Assumptions 2–5.
Ad R8,2:

R8,2 :=K max
1≤k≤K

|Gk|P

 m∑
j=1

λ̂−2
j,t

(
n−1

n∑
i=1

〈Xc
it, φ̂j,t〉zcit

)2

(β̂t − βt)2 > c


≤K max

1≤k≤K
|Gk|P

(
4

m∑
j=1

λ−2
j,k〈K̂zX,t, φ̂j,t〉2(β̂t − βt)2 > c

)
+K max

1≤k≤K
|Gk|P

(
F c4,n,t

)
≤K max

1≤k≤K
|Gk|P

(
m∑
j=1

λ−2
j,k〈KzX,k, φj,k〉2(β̂t − βt)2 > c

)
+ 2K max

1≤k≤K
|Gk|P

(
(β̂t − βt)2 > c

)
+K max

1≤k≤K
|Gk|P

(
||KzX,k||22

m∑
j=1

λ−2
j,k ||φj,k − φ̂j,t||

2
2 > c

)
+K max

1≤k≤K
|Gk|P

(
||KzX,k − K̂zX,t||22 > c

)
+K max

1≤k≤K
|Gk|P

(
F c4,n,t

)
=o(1)
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which follows from our above observations.

Ad R8,3:

With aj,t := 〈αt, φ̂j,t〉 = 〈Ak, φ̂j,t〉, we obtain

R8,3 := K max
1≤k≤K

|Gk|P

∣∣∣∣∣
∣∣∣∣∣
m∑
j=1

(a∗j,t − aj,t)φ̂j,t

∣∣∣∣∣
∣∣∣∣∣
2

2

> c


≤ K max

1≤k≤K
|Gk|P

(
||Ak||22

m∑
j=1

∣∣∣∣∣∣φj,k − φ̂j,t∣∣∣∣∣∣2
2
> c

)
= o(1)

as a consequence of (23).

Ad R8,4:

R8,4 := K max
1≤k≤K

|Gk|P

∣∣∣∣∣
∣∣∣∣∣
m∑
j=1

a∗j,t(φ̂j,t − φj,k)

∣∣∣∣∣
∣∣∣∣∣
2

2

> c


≤ K max

1≤k≤K
|Gk|P

(
m

m∑
j=1

a∗j,t
2
∣∣∣∣∣∣φ̂j,t − φj,k∣∣∣∣∣∣2

2
> c

)
= O

(
mnδ−1

)
= o(1),

which follows from the arguments used for R4,2,t, because |〈KzX,k, φj,k〉|/λj,k and |a∗j,t| are
of the same order in j. Combining arguments yields P (max1≤t≤T ||α̂t − αt||22 > c) = o(1)
proving the second claim of the Lemma.

This would already justify classification on the distances ||α̂t− α̂s||22. However, as scaled
versions of the estimators are employed the behavior of the scaling, which itself is random,
needs to be explored. Contributing to this, now turn to the event Sn,t, for which

K max
1≤k≤K

|Gk|P
(
Scn,t
)
≤K max

1≤k≤K
|Gk|P

(∣∣∣∣∣n−1

n∑
i=1

(
εcit

2 − σ2
ε,k + 2εcitr̃it + r̃2

it

)∣∣∣∣∣ > 1

2
σ2
ε,k

)

≤K max
1≤k≤K

|Gk|P

(∣∣∣∣∣n−1

n∑
i=1

(
εcit

2 − σ2
ε,k + 2εcitr̃it + r̃2

it

)∣∣∣∣∣ > 1

2
min

1≤k≤K
σ2
ε,k

)
≤R9,1 +R9,2 +R9,3

where r̃it := zcit(βt − β̂t) + 〈Xc
it, αt − α̂t〉, min1≤k≤K σ

2
ε,k a constant, and R9,1 − R9,3 are as

follows.

XVIII



Ad R9,1:

R9,1 := K max
1≤k≤K

|Gk|P

(∣∣∣∣∣n−1

n∑
i=1

(
εcit

2 − σ2
ε,k

)∣∣∣∣∣ > c

)

≤ K max
1≤k≤K

|Gk|P

(∣∣∣∣∣n−1

n∑
i=1

(
εit

2 − σ2
ε,k

)∣∣∣∣∣ > c

)
+K max

1≤k≤K
|Gk|P

(n−1

n∑
i=1

εit

)2

> c


≤ K max

1≤k≤K
|Gk|

n−1E
[(
εit

2 − σ2
ε,k

)2
]

c
+K max

1≤k≤K
|Gk|

n−1E [ε2it]

c

= o(1).

Ad R9,2:

R9,2 :=K max
1≤k≤K

|Gk|P

(∣∣∣∣∣n−1

n∑
i=1

(εcitr̃it)

∣∣∣∣∣ > c

)
≤ R10,1 +R10,2

with R10,1 −R10,2 as follows:

R10,1 := K max
1≤k≤K

|Gk|P
(∣∣∣(βt − β̂t)K̂zε,t

∣∣∣ > c
)

≤ K max
1≤k≤K

|Gk|P
(
K̂2
zε,t > c

)
+K max

1≤k≤K
|Gk|P

(
(βt − β̂t)2 > c

)
= o(1)

by (21) and the above results. Further

R10,2 := K max
1≤k≤K

|Gk|P
(∣∣∣〈K̂Xε,t, αt − α̂t〉

∣∣∣ > c
)

≤ K max
1≤k≤K

|Gk|P
(
||K̂Xε,t||22 > c

)
+K max

1≤k≤K
|Gk|P

(
||αt − α̂t||22 > c

)
= o(1)

by (20) and the above results on α̂t.

Ad R9,3:

R9,3 :=K max
1≤k≤K

|Gk|P

(∣∣∣∣∣n−1

n∑
i=1

r̃2
it

∣∣∣∣∣ > c

)
≤K max

1≤k≤K
|Gk|P

(
|K̂z,t| · (β̂t − βt)2 > c

)
︸ ︷︷ ︸

=:R11,1

+K max
1≤k≤K

|Gk|P

(
1

n

n∑
i=1

||Xc
it||22||α̂t − αt||22 > c

)
︸ ︷︷ ︸

=:R11,2
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with R11,1 and R11,2 to be treated as follows.

R11,1 :=K max
1≤k≤K

|Gk|P
(
|Kz,k| · (β̂t − βt)2 > c

)
≤K max

1≤k≤K
|Gk|P

(
|K̂z,t −Kz,k|(β̂t − βt)2 > c

)
+K max

1≤k≤K
|Gk|P

(
|Kz,k| · (β̂t − βt)2 > c

)
≤K max

1≤k≤K
|Gk|P

(
|K̂z,t −Kz,k| > c

)
+K max

1≤k≤K
|Gk|P

(
(β̂t − βt)2 > c

)
+K max

1≤k≤K
|Gk|P

(
|Kz,k|(β̂t − βt)2 > c

)
= o(1)

by (19) and the above results. Further it holds that

R11,2 :=K max
1≤k≤K

|Gk|P

(
1

n

n∑
i=1

||Xc
it||22||α̂t − αt||22 > c

)

≤K max
1≤k≤K

|Gk|P

(
1

n

n∑
i=1

∣∣||Xc
it||22 − E

[
||Xc

it||22
]∣∣ · ||α̂t − αt||22 > c

)
+K max

1≤k≤K
|Gk|P

(
E
[
||Xc

it||22
]
||α̂t − αt||22 > c

)
≤K max

1≤k≤K
|Gk|

n−1E
[
(||Xc

it||22 − E [||Xc
it||22])

2
]

c
+K max

1≤k≤K
|Gk|P

(
||α̂t − αt||22 > c

)
+K max

1≤k≤K
|Gk|P

(
E
[
||Xc

it||22
]
||α̂t − αt||22 > c

)
=O(nδ−1) + o(1) + o(1) = o(1)

in light of our above findings. Combining results yields K max1≤k≤K |Gk|P
(
Scn,t
)

= o(1).

Now, finally turning to α̂
(∆)
t , for sufficiently large n

P
(

max
1≤t≤T

∣∣∣∣∣∣α̂(∆)
t − α(∆)

t

∣∣∣∣∣∣2
2
> c

)
≤ K max

1≤k≤K
|Gk|P

(∣∣∣∣∣∣α̂(∆)
t − α(∆)

t

∣∣∣∣∣∣2
2
> c

)
≤ R12,1 +R12,2

with

R12,1 := K max
1≤k≤K

|Gk|P

(
m∑
j=1

(âj,t − aj,t)2 λ̂j,t
σ̂2
ε,t

> c

)

and R12,2 := K max
1≤k≤K

|Gk|P

∣∣∣∣∣
∣∣∣∣∣
m∑
j=1

(
λ̂

1/2
j,t

σ̂ε,t
φ̂j,taj,t −

λ
1/2
j,k

σε,k
φj,ka

∗
j,t

)∣∣∣∣∣
∣∣∣∣∣
2

2

> c

 .

R12,1 can be decomposed according to

R12,1 ≤ R13,1 +R13,2 +K max
1≤k≤K

|Gk|P
(
Scn,t
)
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where

R13,1 := K max
1≤k≤K

|Gk|P

(
σ−2
ε,k

m∑
j=1

λ̂−1
j,t 〈K̂zX,t, φ̂j,t〉2(βt − β̂t)2 > c

)

and R13,2 := K max
1≤k≤K

|Gk|P

(
σ−2
ε,k

m∑
j=1

λ̂−1
j,t 〈K̂Xε,t, φ̂j,t〉2 > c

)

because σ̂−2
ε,t ≤ 2σ−2

ε,k on Sn,t. Noting that σ−2
ε,k is obviously bounded above by a constant,

these terms in turn behave as follows:

R13,1 ≤K max
1≤k≤K

|Gk|P

(
m∑
j=1

λ−1
j,k〈KzX,k, φj〉2(βt − β̂t)2 > c

)
+ 2K max

1≤k≤K
|Gk|P

(
(βt − β̂t)2 > c

)
+K max

1≤k≤K
|Gk|P

(
m∑
j=1

λ−1
j,k ||K̂zX,t −KzX,k||22 > c

)
+K max

1≤k≤K
|Gk|P

(
m∑
j=1

λ−1
j,k ||φ̂j,t − φj,k||

2
2 > c

)
+K max

1≤k≤K
|Gk|P

(
F c4,n,t

)
= o(1)

which follows from our above arguments. Further we conclude

R13,2 ≤ K max
1≤k≤K

|Gk|

∑m
j=1 λ

−1
j,kE

[
||K̂Xε,t||22

]
c

+K max
1≤k≤K

|Gk|P
(
F c4,n,t

)
= O(nδ−1m1+µ) = o(1)

as consequence of Assumptions 2–5. Now turning to R12,2 note that

R12,2 ≤R14,1 +R14,2

where

R14,1 := K max
1≤k≤K

|Gk|P

∣∣∣∣∣
∣∣∣∣∣
m∑
j=1

(
λ̂

1/2
j,t σε,k

σε,kσ̂ε,t
φ̂j,t −

λ
1/2
j,k σ̂ε,t

σε,kσ̂ε,t
φj,k

)
a∗j,t

∣∣∣∣∣
∣∣∣∣∣
2

2

> c


and

R14,2 = K max
1≤k≤K

|Gk|P

∣∣∣∣∣
∣∣∣∣∣
m∑
j=1

(a∗j,t − aj,t)
λ̂

1/2
j,t

σ̂ε,t
φ̂j,k

∣∣∣∣∣
∣∣∣∣∣
2

2

> c

 .

Note for R14,1:

R14,1 ≤ R15,1 +R15,2 +R15,3 +K max
1≤k≤K

|Gk|P(Scn,t)
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with

R15,1 := K max
1≤k≤K

|Gk|P

(
m∑
j=1

(a∗j,t)
2λ̂j,t(σε,k − σ̂ε,t)2 > c

)

R15,2 := K max
1≤k≤K

|Gk|P

(
m

m∑
j=1

(a∗j,t)
2λ̂j,tσ̂

2
ε,t||φj,k − φ̂j,t||22 > c

)

R15,3 := K max
1≤k≤K

|Gk|P

(
m∑
j=1

(a∗j,t)
2σ̂2

ε,t

(
λ̂

1/2
j,t − λ

1/2
j,k

)2

> c

)
.

In order to assess the asymptotic behavior of these terms, we note that by the mean value
theorem

• it holds on Sn,t that |σ̂ε,t − σε,k| ≤
√

2
σε,k
|σ̂2
ε,t − σ2

ε,k| and

• it holds on F4,n,t that |λ̂1/2
j,t − λ

1/2
j,k | ≤

(
2
λj,k

) 1
2 |λ̂j,t − λj,k|.

Adding these observations to the above allows us to conclude the following for R15,1−R15,3:

Ad R15,1:

R15,1 =K max
1≤k≤K

|Gk|P

(
m∑
j=1

(a∗j,t)
2λ̂j,t|σε,k − σ̂ε,t|2 > c

)

≤K max
1≤k≤K

|Gk|P

(
2

σ2
ε,k

m∑
j=1

(a∗j,t)
2λj,k|σ̂2

ε,t − σ2
ε,k|2 > c

)
+K max

1≤k≤K
|Gk|P

(
F c4,n,t

)
+K max

1≤k≤K
|Gk|P

(
Scn,t
)

=o(1).

Ad R15,2:

R15,2 ≤K max
1≤k≤K

|Gk|P

(
2mσ2

ε,k

m∑
j=1

(a∗j,t)
2λ̂j,t||φj,k − φ̂j,t||22 > c

)
+K max

1≤k≤K
|Gk|P

(
Scn,t
)

=O(mnδ−1) + o(1) = o(1)

which follows from similar arguments as the ones used for R4,2,t.
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Ad R15,3:

R15,3 ≤K max
1≤k≤K

|Gk|P

(
2σ2

ε,k

m∑
j=1

(a∗j,t)
2λ−1

j,k |λ̂j,t − λj,k|
2 > c

)
+K max

1≤k≤K
|Gk|P

(
Scn,t
)

+K max
1≤k≤K

|Gk|P
(
F c4,n,t

)
≤K max

1≤k≤K
|Gk|

2σ2
ε,k

∑m
j=1(a∗j,t)

2λ−1
j,kE[D2

t ]

c
+K max

1≤k≤K
|Gk|P

(
Scn,t
)

+K max
1≤k≤K

|Gk|P
(
F c4,n,t

)
=o(1).

It remains to show that R14,2 = o(1). For this purpose note

R14,2 =K max
1≤k≤K

|Gk|P

(
m∑
j=1

(a∗j,t − aj,t)2 λ̂j,t
σ̂2
ε,t

> c

)

≤K max
1≤k≤K

|Gk|P

(
4||αt||22

m∑
j=1

||φ̂j,t − φj,k||22
λj,t
σ2
ε,k

> c

)
+K max

1≤k≤K
|Gk|P

(
F c4,n,t

)
+K max

1≤k≤K
|Gk|P

(
Scn,t
)

=o(1) + o(1) = o(1),

which follows from (23) and our above arguments.

Combining arguments implies the last statement in Lemma 4.1. �

A.3 Proof of Theorem 4.2

Using the results presented in the previous lemma it is possible to argue in analogy to the
proof of Theorem 1 in Vogt and Linton (2017) to validate the classification consistency
claimed in our Theorem 4.2. For this purpose consider the set S(j) = {1, . . . , T} \

⋃
l<j Ĝl

at an iteration step 1 ≤ j ≤ K̂ − 1 of the algorithm described in Section 3. For a t ∈ S(j)

denote the set of indexes corresponding to the ordered distances ∆̂t(1) ≤ · · · ≤ ∆̂t(|S(j)|) as

{(1), . . . , (|S(j)|)}. In analogy, the index set corresponding to the ordered population dis-
tances ∆t[1] ≤ · · · ≤ ∆t[|S(j)|] is denoted as {[1], . . . , [|S(j)|]}, where ∆ts is as in Assumption

7. Now, define the index κ̂ according to ∆̂t(κ̂) < τnT < ∆̂t(κ̂+1). Its population counterpart,
κ, obtains as 0 = ∆t[κ] < τnT < ∆t[κ+1]. It holds that

P ({(1), . . . , (κ̂)} 6= {([1], . . . , [κ]}) ≤ P ({(1), . . . , (κ)} 6= {[1], . . . , [κ]}) + P(κ̂ 6= κ) (26)

= o(1) + o(1).

In order to prove that the first probability on the right hand side of (26) is a null sequence,
suppose that t ∈ Gk, with 1 ≤ k ≤ K. As indicated, there are κ ≥ 1 indexes in S(j) being
elements of Gk. For the corresponding distances it holds that ∆t[1] = · · · = ∆t[κ] = 0 by
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definition. The remaining distances are bounded away from zero by 0 < C∆ ≤ ∆t[κ+1] ≤
· · · ≤ ∆t[|S(j)|] due to Assumption 7.

As stated in Lemma 4.1, max1≤t≤T ||α̂(∆)
t − α(∆)

t ||22 = op(1) implying that max1≤s≤T |∆̂ts −
∆ts| = op(1), which holds for any reference period t. Combining arguments allows to con-

clude max1≤s≤κ ∆̂t(s) = op(1) and minκ<s≤|S(j)| ∆̂t(s) ≥ C∆+op(1) as well as max1≤s≤κ ∆̂t[s] =

op(1) and minκ<s≤|S(j)| ∆̂t[s] ≥ C∆+op(1). This implies that the first probability on the right
hand side of (26) tends to zero. Further note that the specification of the threshold in As-

sumption 7 immediately implies P
(

∆̂t[κ] < τnT

)
→ 1 and P

(
∆̂t[κ+1] > τnT

)
→ 1 as n→∞

in light of the preceding arguments. As a consequence of this P
(

∆̂t[κ] < τnT < ∆̂t[κ+1]

)
→ 1

as n → ∞, implying that the second probability on the right hand side of (26) is a null
sequence. �

Remark 1
For the calculation of the convergence rate of our estimator Ãk, the classification error is
negligible as a consequence of Theorem 4.2. To see this note that an analogous argument
as in Vogt and Linton (2017) holds in our context: let s(n, T ) be an arbitrary deterministic
sequence such that s(n, T )→ 0 as n, T →∞. Now, note that for any constant C > 0

P
(

(s(n, T ))−1||Ãk − Ak||22 > C
)

≤ P
({

(s(n, T ))−1||Ãk − Ak||22 > C
}
∩
{
Ĝk = Gk

})
+ P

({
Ĝk 6= Gk

})
= P

(
(s(n, T ))−1||Ã∗k − Ak||22 > C

)
+ o(1),

where the quantity Ã∗k denotes the estimator Ãk calculated from {(yit, Xit, zit) : 1 ≤ i ≤
n, t ∈ Gk}, i.e. from correctly classified periods. Note in particular that the time series
dependence formulated in Assumption 1 does not affect this argument.

In light of this remark, the proof of Theorem 4.3 starts from the ideal oracle estimators
Ã∗k rather than their contaminated counterparts.

Remark 2
For the proof of Theorem 4.3, we work with classification-error-free oracle variants of the
estimators φ̃j,k, λ̃j,k, K̃X,k, K̃zX,k, K̃z,k and Γ̃k. Such estimators, calculated from {(zit, Xit) :
1 ≤ i ≤ n, t ∈ Gk}, are denoted φ̃∗j,k, λ̃

∗
j,k, K̃

∗
X,k, K̃

∗
zX,k, K̃

∗
z,k and Γ̃∗k. In analogy to before, we

further denote the Hilbert Schmidt norm of the difference between Γ̃∗k and the population

counterpart Γk as D̃∗k := ||Γ̃∗k − Γk||S . Beyond these quantities, the estimator Ã∗k makes
implicitly use of the operator Φ̃∗k which estimates, in analogy to Φ̂t, the operator Φk as in
(11). Φ̃∗k is defined according to

Φ̃∗k(g) :=
m̃∑
j=1

〈K̃∗zX,k, φ̃∗j,k〉
λ̃∗j,k

〈φ̃∗j,k, g〉
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for any g ∈ L2([0, 1]), where m̃ ≡ m̃k for simplicity of notation.
Assessing the asymptotic properties of the classification-error-free estimators, note that

due to Assumption 1 for every regime Gk, the random variables {Xit : 1 ≤ i ≤ n, t ∈ Gk}
are L4

m-approximable. Thus, for suitably large constants, the following inequalities from
Hörmann and Kokoszka (2010) hold:1

E

[(
D̃∗k
)2
]
≤ C(n|Gk|)−1 (27)

E

[∣∣∣∣∣∣K̃∗X,k −KX,k

∣∣∣∣∣∣2
2

]
≤ C(n|Gk|)−1 (28)

E

[∣∣∣λ̃∗j,k − λj,k∣∣∣2] ≤ E

[(
D̃∗k
)2
]
≤ C(n|Gk|)−1 (29)

for 1 ≤ j ≤ m̃. Further note that the dependence of the random variables {(zit, Xit) : 1 ≤
i ≤ n, t ∈ Gk} is sufficiently weak, such that

E

[∣∣∣∣∣∣K̃∗zX,k −KzX,k

∣∣∣∣∣∣2
2

]
= O((n|Gk|)−1)

and further

E

[∣∣∣K̃∗z,k −Kz,k

∣∣∣2] = O((n|Gk|)−1),

which can be shown by straightforward moment calculations. In addition to that, bounds

on
∣∣∣∣∣∣φ̃∗j,k − φj,k∣∣∣∣∣∣2

2
can be obtained in analogy to the almost sure bound in (12) and the

asymptotic bound as in (13)–(15). We make the latter precise defining the analogues to
F1,n,t–F3,n,t as

1. F̃1,n,T,k :=

{
C(n|Gk|)

2(1+µ)
µ+2ν

(
D̃∗k
)2

≤ 1/8

}
2. F̃2,n,T,k :=

{
|λ̃∗j,k − λl,k|−2 ≤ 2|λj,k − λl,k|−2 ≤ C(n|Gk|)

2(1+µ)
µ+2ν , 1 ≤ j ≤ m̃, j 6= l ∈ N

}
.

3. F̃3,n,T,k := F̃1,n,T,k ∩ F̃2,n,T,k

for which we note P(F̃ c3,n,T,k) ≤ P(F̃ c1,n,T,k) + P(F̃ c2,n,T,k) = o(1) + o(1) as (n, T )→∞ from
similar arguments as before. Also, as in our arguments for the t-wise estimators it holds
on F̃2,n,T,k that

||φ̃∗j,k − φj,k||22 ≤ 8

(
1− 4C(n|Gk|)

2(1+µ)
µ+2ν

(
D̃∗k
)2
)−1

R̃
(φ)
j,k , (30)

where R̃
(φ)
j,k :=

∑
l:l 6=j

(λj,k − λl,k)−2

[∫ 1

0

∫ 1

0

(K̃∗X,k(u, v)−KX,k(u, v))φj,k(u)φl,k(v)dudv

]2

,

1Cf. Theorem 3.2 and the consequent discussion in Hörmann and Kokoszka (2010).
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from which we conclude, that on F̃3,n,T,k, it holds that

||φ̃∗j,k − φj,k||22 ≤ 16R̃
(φ)
j,k . (31)

The results in Hall and Horowitz (2007) also allow to conclude E
[
R̃

(φ)
j,k

]
= O (j2(n|Gk|)−1)

uniformly in 1 ≤ j ≤ m̃ for weakly dependent random variables {Xit : 1 ≤ i ≤ n, t ∈ Gk}.

As a further important observation we note that∣∣∣∣∣∣Φ̃∗k − Φk

∣∣∣∣∣∣2
H′

= Op

(
(n|Gk|)

1−2ν
µ+2ν

)
given Assumptions 1-6 hold. This can be seen from a regression

zit − E[zit] = 〈ζ,Xit − E[Xit]〉+ sit (32)

in the k − th regime, where 1 ≤ t ≤ |Gk|, 1 ≤ i ≤ n and sit as in Assumption 6. Since the
functional parameter ζ is formulated as being time invariant, it can be estimated as in Hall
and Horowitz (2007) from pooled data (Xj(i,t), zj(i,t)), where 1 ≤ j(i, t) := (i− 1)|Gk|+ t ≤
n|Gk|. As noted by Shin (2009), the resulting estimator, say ζ̂, links to the operator Φ̃∗k
according to

||ζ̂ − ζ||22 =
∣∣∣∣∣∣Φ̃∗k − Φk

∣∣∣∣∣∣2
H′
. (33)

The argumentation in Hall and Horowitz (2007) (cf. their Theorem 1 and correspond-
ing proof) transfers mutatis mutandis to a setup with weakly dependent regressors (L4

m

dependence) and weakly dependent errors (m-dependence) as is the case in our auxiliary
regression (32). This can be shown using the fundamental results formulated in Hörmann
and Kokoszka (2010). As ζ̂ is calculated from a sample of size n|Gk|, the results in Hall
and Horowitz (2007) together with (33) thus imply∣∣∣∣∣∣Φ̃∗k − Φk

∣∣∣∣∣∣2
H′

= Op

(
(n|Gk|)

1−2ν
µ+2ν

)
as claimed before.

A.4 Proof of Theorem 4.3

Note that on
⋂
t∈Gk Qn,t it holds that B̂−1

t ≤ 2Bk
−1 for any t ∈ Gk, and so

P

(
n (|Gk|)−1

∣∣∣∣∣∑
t∈Gk

(β̂t − βt)2

∣∣∣∣∣ > c

)

≤P

(
4B−2

k n (|Gk|)−1

∣∣∣∣∣∑
t∈Gk

3∑
l=1

R2
0,l,t

∣∣∣∣∣ > c

)
+ P

(⋃
t∈Gk

Qc
n,t

)

≤P

(
4B−2

k n (|Gk|)−1
∑
t∈Gk

(
2∑
l=1

R2
0,l,t +R2

1,1,t +R2
2,1 +

3∑
j=1

R2
3,j,t

)
> c

)
+ |Gk|P

(
Qc
n,t

)
.
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In the proof of Lemma 4.1 it was shown that P
(
Qc
n,t

)
= o(|Gk|−1). Regarding the remaining

term, note that due to the exogeneity of the regressors and stationary distributions within
the regimes the following holds: for any cj > 0, j = 1, 2, 3, there exist constants Cj = Cj(cj),
j = 1, 2, 3 such that

P

(
n|Gk|−1

∑
t∈Gk

R2
0,1,t > c1

)
≤
nE[R2

0,1,t]

c1

≤ C1

P

(
n|Gk|−1

∑
t∈Gk

R2
0,2,t > c2

)
≤
nE[R2

0,2,t]

c2

≤ C2

P

(
n|Gk|−1

∑
t∈Gk

R2
1,1,t > c3

)
≤ nCE[||K̂zX,t −KzX ||22]

c3

≤ C3.

Further we observe that R2,1 = o(n−1/2). Using that P(
⋃
t∈Gk F

c
3,n,t) ≤

∑
t=Gk

P(F c3,n,t) =
o(1) as shown in the proof of Lemma 4.1, we argue that for any constant c4, there exists a
constant C4, such that

P

(
n|Gk|−1

∑
t∈Gk

R2
3,1,t > c4

)

≤
n||Ak||E

[
||K̂zX,t −KzX,k||42

] 1
2
E [D4

t ]
1
2 (C ′λ)

−2
(∑m

j=1 j
1+µ
)2

c · c4

+
nE
[
||K̂zX,t −KzX,k||22

] (∑m
j=1 |a∗j,t|

)2

c · c4

≤C4,

due to the stationarity of (Xit, zit), t ∈ Gk and (12). Beyond that we argue for R3,2,t that
for any c5 > 0 it follows from similar arguments that there exists a C5 > 0 such that

P

(
n|Gk|−1

∑
t∈Gk

R2
3,2,t > c5

)

≤
n||Ak|| · E [D2

t ] (C ′λ)
−2C2

zX

(∑m
j=1 j

1−ν
)2

c · c5

≤C5.
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Finally, note that for any c6 > 0, there exists a C6 > 0 such that

P

(
n|Gk|−1

∑
t∈Gk

R2
3,3,t > c6

)

≤
2n||KzX,k||22||Ak||22(C ′λ)

−2E [D4
t ]
(∑m

j=1 j
2(1+µ)

)2

c6

+
2n||KzX,k||22(C ′λ)

−2(Ca)
2E [D2

t ]
(∑m

j=1 j
1+µ−ν

)2

c6

≤ C6

thanks to Assumptions 2–5, stationarity and once more the bound in (12). Combining
arguments allows us to conclude that |Gk|−1

∑
t∈Gk(β̂t − βt)

2 = Op(n
−1) as n, T → ∞.

We use this finding in a moment to obtain the convergence rate for Ãk. To assess the
underlying problem, we use the following notation:

• Xcc,∗
it := Xit − ¯̄X∗k with ¯̄X∗k := 1

n|Gk|
∑

t∈Gk

∑n
i=1 Xit,

• εcc,∗it := εit − ¯̄ε∗k with ¯̄ε∗k := 1
n|Gk|

∑
t∈Gk

∑n
i=1 εit.

The classification-error-free oracle estimator for the regime specific parameter function
reads as Ã∗k :=

∑m̃
j=1 ã

∗
j,kφ̃

∗
j,k. The basis coefficients indexed 1 ≤ j ≤ m̃ obtain as

ã∗j,k := (λ̃∗j,k)
−1 1

n|Gk|
∑
t∈Gk

n∑
i=1

〈Xcc,∗
it , φ̃∗j,k〉(ycit − zcitβ̂t)

= ã
(1)
j,k + ã

(2)
j,k ,

where

ã
(1)
j,k := (λ̃∗j,k)

−1 1

n|Gk|
∑
t∈Gk

n∑
i=1

〈Xcc,∗
it , φ̃∗j,k〉 (〈X

cc,∗
it , Ak〉+ εcc,∗it )

and

ã
(2)
j,k := (λ̃∗j,k)

−1 1

n|Gk|
∑
t∈Gk

n∑
i=1

〈Xcc,∗
it , φ̃∗j,k〉

(
zcit(βt − β̂t) + 〈 ¯̄X∗k − X̄t, Ak〉+ ¯̄ε∗k − ε̄t

)
.

The upper bound

||Ã∗k − Ak||22 =

∣∣∣∣∣
∣∣∣∣∣
m̃∑
j=1

(
ã

(1)
j,k + ã

(2)
j,k

)
φ̃∗j,k − Ak

∣∣∣∣∣
∣∣∣∣∣
2

2

(34)

≤ 2

∣∣∣∣∣
∣∣∣∣∣
m̃∑
j=1

ã
(1)
j,k φ̃

∗
j,k − Ak

∣∣∣∣∣
∣∣∣∣∣
2

2

+ 2
m̃∑
j=1

(
ã

(2)
j,k

)2

(35)
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can be obtained using the Cauchy Schwarz inequality. The first term is the estimator from
Hall and Horowitz (2007) in the case of n|Gk| pooled observations and an L4

m approximable
regressor function. Along the lines of our second remark and Assumptions 1-5, it holds that∣∣∣∣∣∣∑m̃

j=1 ã
(1)
j,k φ̃

∗
j,k − Ak

∣∣∣∣∣∣2
2

= Op

(
n

(1+δ)(1−2ν)
µ+2ν

)
. The remaining term in (35) we split according

to

m̃∑
j=1

(
ã

(2)
j,k

)2

≤ 3 · (R16,1 +R16,2 +R16,3).

where the terms R16,1, R16,2 and R16,3 are as follows:

Ad R16,1:

R16,1 :=
m̃∑
j=1

(λ̃∗j,k)
−2

(
1

|Gk|
∑
t∈Gk

〈n−1

n∑
i=1

Xcc,∗
it , φ̃∗j,k〉

(
〈 ¯̄X∗k − X̄t, Ak〉

))2

≤4
m̃∑
j=1

(λj,k)
−2

(
1

|Gk|
∑
t∈Gk

||Xt − ¯̄X∗k ||22||Ak||2

)2

=Op(m̃
1+2µn−2)

on an event F̃4,n,T,k := {|λ̃∗j,k−λj,k| ≤ 1
2
λj,k : 1 ≤ j ≤ m̃}. For this event in turn, note that

P(F̃4,n,T,k)→ 1 which follows from analogous arguments, which lead to P(F4,n,t)→ 1 above.

Ad R16,2:

R16,2 :=
m̃∑
j=1

(λ̃∗j,k)
−2

(
1

n|Gk|
∑
t∈Gk

n∑
i=1

〈Xcc,∗
it , φ̃∗j,k〉 (¯̄ε∗k − ε̄t)

)2

=
m̃∑
j=1

(λ̃∗j,k)
−2

(
1

|Gk|
∑
t∈Gk

〈X̄t − ¯̄X∗k , φ̃
∗
j,k〉ε̄t

)2

≤ 4
m̃∑
j=1

(λj,k)
−2

(
1

|Gk|
∑
t∈Gk

||X̄t − ¯̄X∗k ||2ε̄t

)2

= Op(m̃
1+2µn−2)

on F̃4,n,T,k.
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Ad R16,3:

R16,3 :=
m̃∑
j=1

(λ̃∗j,k)
−2

(
1

n|Gk|
∑
t∈Gk

n∑
i=1

〈Xcc,∗
it , φ̃∗j,k〉zcit

(
βt − β̂t

))2

=
m̃∑
j=1

(λ̃∗j,k)
−2

(
1

|Gk|
∑
t∈Gk

〈K̂zX,t, φ̃
∗
j,k〉
(
βt − β̂t

))2

≤
m̃∑
j=1

(λ̃∗j,k)
−2

(
1

|Gk|
∑
t∈Gk

〈K̂zX,t, φ̃
∗
j,k〉2

)(
1

|Gk|
∑
t∈Gk

(
βt − β̂t

)2
)
,

of which it is known from before that 1
|Gk|

∑
t∈Gk

(
βt − β̂t

)2

= Op(n
−1) and

m̃∑
j=1

(λ̃∗j,k)
−2|Gk|−1

∑
t∈Gk

〈K̂zX,t, φ̃
∗
j,k〉2

≤
m̃∑
j=1

(λ̃∗j,k)
−2|Gk|−1

∑
t∈Gk

3
(
〈KzX,k, φj,k〉2 + 〈K̂zX,t −KzX,k, φ̃

∗
j,k〉2 + 〈KzX,k, φj,k − φ̃∗j,k〉2

)
.

We further conclude that on F̃4,n,T,k

m̃∑
j=1

(λ̃∗j,k)
−2〈KzX,k, φj,k〉2 ≤ 4

m̃∑
j=1

λ−2
j,k〈KzX,k, φj,k〉2 ∝

m̃∑
j=1

j2µ−2(µ+ν) = O(1)

as well as

|Gk|−1
∑
t∈Gk

m̃∑
j=1

(λ̃∗j,k)
−2〈K̂zX,t −KzX,k, φ̃

∗
j,k〉2 ≤ 2|Gk|−1

∑
t∈Gk

||K̂zX,t −KzX,k||22
m̃∑
j=1

λ−2
j,k

= Op

(
n−1n

(1+δ)(1+2µ)
µ+2ν

)
= Op

(
n

(1+δ)(1+2µ)−µ−2ν
µ+2ν

)
= op(1).

Further, we use similar arguments as before (see the proof of Theorem 4.1) to obtain

m̃∑
j=1

(λ̃∗j,k)
−2〈KzX,k, φ̃

∗
j,k − φj,k〉2 ≤ 4||KzX,k||22

m̃∑
j=1

||φ̃∗j,k − φj,k||22λ−2
j,k = op(1)

on F̃3,n,T,k ∩ F̃4,n,T,k, which implies
∑m̃

j=1(λ̃∗j,k)
−2〈KzX,k, φ̃

∗
j,k − φj,k〉2 = Op(1). Combining

our above statements yields
∑m̃

j=1

(
ã

(2)
j

)2

= Op(n
−1). Further, if ν > 1+µ+δ

2δ
, or equivalently

δ > (1 + µ)/(2ν − 1), then (nT )
1−2ν
µ+2ν = o(n−1) and in case ν < 1+µ+δ

2δ
, n−1 = o

(
(nT )

1−2ν
µ+2ν

)
.

Together with our Remark 1 on the classification error the result in the theorem follows.
�
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A.5 Threshold Choice

In order to illustrate the properties of the threshold τnT as suggested in Section 5, suppose
for a moment that the truncation error in regime k is negligible (i.e., λj,k ≈ 0, j ≥ m + 1)
and that the eigenvalue-eigenfunction pairs (λj,k, φj,k)j≥1 as well as the error variance σ2

ε,k

of regime k were known. In this case our estimation procedure yields variance adjusted
estimators α̂

(∆∗)
t :=

∑m
j=1 σ

−1
ε,kλ

1/2
j,k âj,tφj,k and α̂

(∆∗)
s :=

∑m
j=1 σ

−1
ε,kλ

1/2
j,k âj,sφj,k where the ap-

propriately scaled difference of their j-th components (n/2)1/2σ−1
ε,kλ

1/2
j,k (âj,t− âj,s) is approx-

imately standard normal (for large n and small temporal correlations), such that for all
t, s ∈ Gk

n

2
∆∗ts :=

n

2
||α̂(∆∗)

t − α̂(∆∗)
s ||22 =

m∑
j=1

((n
2

)1/2

σ−1
ε,kλ

1/2
j,k (âj,t − âj,s)

)2

=: Qm
ts

⇒∆∗ts =
2

n
Qm
ts , where (for large n) Qm

ts ∼ χ2
m if t 6= s and Qm

ts ≈ 0 if t = s.

For accurate estimates and a small truncation error, we expect that ||α̂(∆)
t − α̂

(∆)
s ||22 ≈

||α̂(∆∗)
t − α̂(∆∗)

s ||22 and hence that ∆̂ts ≈ ∆∗ts. Note that neglecting the truncation error is
often justified in practice, where a small number of eigencomponents is typically sufficient
to explain virtually the total variance (see, for instance, Aue et al., 2015 who use an essen-
tially equivalent practical approach and successfully approximate an infinite dimensional
functional time-series using a finite dimensional VAR-model).

To achieve a consistent classification, it is necessary that the threshold parameter
τnT → 0 as n, T → ∞ since the distances ∆∗ts are null sequences. However, τnT con-
verges so fast that τnT remains slightly larger than the maximum within-regime distance
maxs∈Gk ∆̂ts. That is, we need to require that P

(
maxs∈Gk ∆̂ts ≤ τnT

)
→ 1 or equivalently

that P
(

maxs∈Gk ∆̂ts ≥ τnT
)
→ 0 for any t ∈ Gk. For finite samples this means requiring

that P
(

maxs∈Gk ∆̂ts ≥ τnT
)
≤ ε for some small ε > 0. Next we use the approximation

∆̂ts ≈ ∆∗ts. Observe that for a given t ∈ Gk,

P
(

max
s∈Gk

∆∗ts ≥ τnT

)
= P

( ⋃
s∈Gk

{∆∗ts ≥ τnT}

)
≤ |Gk|P

(
Qm
ts ≥

n

2
τnT

)
,

where the latter inequality follows from Boole’s inequality. From this upper bound we can
learn about τnT according to

|Gk|P
(
Qm
ts ≥

n

2
τnT

)
= ε ⇔ τnT =

2

n
F−1
m

(
1− ε

|Gk|

)
,

where F−1
m denotes the quantile function of the χ2

m-distribution. As we consider a context
where |Gk| is large (|Gk| ∝ T in Assumption A3), we expect the value of ε/|Gk| to be very
close to zero. This motivates setting τnT = (2/n)F−1

m (pτ ), for some pτ very close to one
as mentioned in Section 5. Note that according to Theorem A in Inglot (2010) and our
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assumptions in Section 4

τnT =
2

n
F−1
m

(
1− ε

|Gk|

)
≤ 2m

n
+

4

n

(
log

(
|Gk|
ε

)
+

√
m log

(
|Gk|
ε

))
→ 0

as n, T →∞, which points at the large sample validity of the proposed threshold.
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