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Throughout this appendix we use the symbols C' and ¢ to denote generic positive con-
stants.

A Technical Appendix

In this part we use the following notation for norms in addition to the ones introduced in the
main paper. Given a mapping F : L*([0, 1]) — R, we use as norm of F} the operator norm
[Fy || s 2= supy g, ,=1 [ F1(f1)|. Further, for an integral operator F; : L*([0,1]) — L*([0,1])
with kernel f, € L*([0,1] x [0,1]), denote its Hilbert-Schmidt norm as ||Fb||s := || /22,
where in this case || - ||2 is the L? norm in L?([0, 1] x [0, 1]).

For the following proofs we make use of the following closed form solutions of our least
squares estimators a;, and Bt:
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see Shin (2009) for similar estimators in a cross section context.



For the sake of readability we will proof the lemma and theorems for P = 1, while
the generalization to P > 1 is straightforward and does not add any additional insights.
In this spirit we ease our notation by dropping boldface notation and the dependence on
coordinate labels p.

Now, turning to a formal argumentation, we begin collecting a number of basic results
readily available in the functional data literature. Provided Assumption 1 holds, the ran-
dom variables {(zy, Xy, €) : 1 < i < n} are iid with finite fourth moments for every
1 <t <T. Moment calculations as well as the results in Hérmann and Kokoszka (2010)
imply for any 1 <t < T as n — oo that

B Koy~ Kexs j — O(n ) (6)
Bk, — K., 1 — 0(n ) (7)
E )Kx,t ~ Ky j — 0, (8)

where the index £ is such that ¢ € G}, which we use in what follows without further
reference. In Equation (8) Kxj denotes the covariance function in the k-th regime, i.e.
Kx(u,v) == E[(Xi(u) — E[Xu)(u))(Xiu(v) — E[Xi](v))] and in analogy K, := E[(zi —
Elzi])?]. Further, it obviously holds that

E |z — Elz4]]’] =O0(n™")

where
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Denote the Hilbert-Schmidt norm of the distance between t-wise empirical covariance
operator and population covariance operator as D, := ||I'y — I'x||s. Note that for any
1<j<n, |/A\jyt — Akl < D, almost surely (see Theorem 1 in Hall and Hosseini-Nasab, 2006
and references therein). Since E[D{] = O(n~%?) for ¢ = 1,2, ... (provided sufficiently high
moments exist) it holds that
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for any 1 < j < my (cf. Equation A.11 in Kneip et al., 2016).
As a final observation, note that combining the results in Shin (2009) and Hall and
Horowitz (2007) allows to conclude that for any 1 <t < T
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2

-0, (nwii) , (10)

where we denote m; = m for simplicity, which we continue to do without further reference.
The mapping @, : L?([0,1]) — R is the population counterpart of ®; and was implicitly
used already in Assumption 6. It is formally defined according to

=3 Hexn Gy Z“’W (B30 9) (11)

Jj=1

for any g € L*(]0, 1]).

A.1 Proof of Theorem 4.1

Consider any 1 <t < T, with ¢ in some regime k, i.e. t € GG. Note that the estimator Bt
can be written as

Bt = Bt_l[f(zy,t - ét( Ayxat)]

with By := [K., — ®;(K.x,)]. Regarding the inverse in /3 note that it follows from (6), (7),
and (10) in analogy to Shin (2009) that

By =K., — ®(K.xs)] 5 [Kop — Ou(Kaxs)] =: Bi >0

as n — oo, which certainly implies B{ 1= B, T4 0p(1) by the continuous mapping theo-
rem, whereas By, = FE[s%] > 0 follows from Assumption 6. To see this also consider the

decomposition shown in (25). As in Shin (2009), we assess the difference

n
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where, in analogy to her work,

due to the exogeneity of the covariates and the assumed iid nature of the error term (cf.
Assumption 1). However, the remaining term we approach in a different manner:

n

n S (2 — B (X )

=1

‘R0,3,t| =

A

< ‘(sz,t — Kexpon)| + | (Koxp, o) —n7! Z b, (X5) (X5, i)

i=1

+

< Riie+ Rioe

where for Ry 1,

Rl,l,t = ’(KzX,t - KzXJm Oét>
< ||owll2 - ||sz,t — K.xxll2
= Op(n_l/Q)

as a consequence of (6). The second term, R 94, in Ry 3, is defined as

Rigy = (K.xk, 1) — nt Z‘i)t(Xﬁ (Xity o)
i=1
< Ry1+ Raoy,
with

Royi=| Y (K.xn ¢ju)aj,
j=m+1
m m

R2,2,t = Z(Ksz Qb]k Z th;%t ¢gt,04t>
j=1 j=1

where we used a}, := (at, ¢;) due to Assumptions 2, 4 and 5. For the first term observe
1—p—2v

Ry =0 (n 2y ) = O(n™/?). The second one can be split in three parts

Rooy <R3y + R3oy + R3szy
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with
m

Rapi=1Kuxe = Koxalle - (11850 = 63alla - llowlla + lal)
7=1
m
Rsoy = llaulla Y [(Kox i )| - 1650 — dnll
j=1
and

m m
Rygs = ||Kaxllz - llaells D 1050 = Sirlls + [Hxills Y 105 — dsillz - |-
j=1 i=1

An assessment of the asymptotic properties of R34, R32, and Rs 3, requires to examine

the asymptotic properties of ||g§j7t — ¢;x|[3 explicitly. Bounds can, for example, be obtained
from Theorem 1 in Hall and Hosseini-Nasab (2006) as

s = osall < [ BP ] amost e (12)
D < . almost sure 1
VR Iming g g — Ae)) Y

which holds for 1 < j <m, ¢ =1,2,... and any size n of the cross section (see also Equation

(5.2) in Hall and Horowitz, 2007). In the context of theory for functional linear regression,
Hall and Horowitz (2007) develop asymptotic bounds on ||¢;,—¢;k|[2, 1 < j < m, which are
valid on events which occur with probability tending to one as n — oo. These bounds are
particularly helpful, when addressing (weighted) sums over estimation errors as they appear
e.g. in R3;,Rs3:. We will make use of these bounds, slightly adapting the arguments in
Hall and Horowitz (2007), in order to formulate the result more explicitly. For this purpose

we consider the three events

1. Fing = {anﬁfzi‘) D} < 1/8}

N 2(14p)
2. Fapyi= {|Aj¢ AT < 2N — AP < O 1< j<m £l e N}.

3. ]:3,n,t = Fl,n,t N FQ,n,t

of which the second coincides with their work and the first one is a straightforward derivative
of their arguments. Denoting the complement of a set A as A°, note that P(Ff, ;) = o(1)
as well as P(F5,, ;) = o(1) due Assumptions 4-5 and root-n consistency of the empirical
covariance operator and its corresponding eigenvalues as well as assuming the constants
in Fi s and Fy e to be appropriate. Since P(Fs,, ;) < P(F7,, ;) + P(F5,, ), we conclude
P(F5,:) = o(1). We also show that this property holds uniformly over 1 <t < T' as
(n,T) — oo in the proof of Lemma 4.1 below. Equation (5.21) in Hall and Horowitz
(2007), reads in our notation as

f (1+p) -1
I¢5.c — dinllz < 8 (1 — 4Cn%1)t2> R

git

(13)

1 1
where RY) = 3" (A4 = Aip) 72 [ / / (Ko (1, 0) — Kox (1, 0)) by (1) b () duclo
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The inequality in (13) is valid on F3,+, whereas the constant C' on the right hand side is
the constant in Fj ,,;. On this event F;,,, it further holds that

2(1+p)

1
(1 — 4O D,?) <2

which implies, that on F3,,,, it holds that

160 = dll3 < 16RS7. (14)
Note that Equation (5.22) in Hall and Horowitz (2007) states that

B[R] =0 () (15)

uniformly in 1 < j < m (see also the corresponding proof of Equation (5.22) in Section 5.3
in Hall and Horowitz, 2007). Note that (14) obviously implies that on Fj 4,

160 — dsalle < 4(RY)’ (16)

: : : @)/ @] *? o —1/2
of which the right hand side has the property F (Rj,t) <k [Rj,t] =0 (jn / )

uniformly over 1 < j < m, what follows from Jensen’s inequality and (15).
These observations imply that

P (S el ) < (10 SR o) 2 ()
j=1

j=1
nm=>y " E [Rﬁqi)]

< /16 +o(1) (17)

by the Markov inequality. The numerator on the right hand side of (17) is bounded above as
a consequence of (15) and Assumptions 4 & 5, and thus Y77 ||d;: — ¢jxll3 = Op (n™'m?).
From this and Assumptions 4 & 5, of which the former is slightly stronger than in Hall and
Horowitz (2007) and Shin (2009), we conclude for the first summand in Rj 3,

m
1K oxll2 - lonll2 D 11656 — ¢inll3 = Op(n~'m?)
j=1

-0, (ﬁ;i%f”)
= Op(”71/2>

because v > 3 — u/2. Note that from our observations for (16), we can further conclude

S Wi — Gl = Op(n~2m?)
j=1
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2—p/2—v

using similar arguments as before. We have n='/?2m? = n~#+2 = o(1) by Assumption
4, which allows to conclude in combination with (6) and Assumption 2, that Rs;: =
O, (n=1/2).

Using similar arguments as for (17), allows us to conclude for the second term in Rj 3

1/2
( 2 330 - dpalle- |aﬂr>c) <P<4n1/22( N> >+P( )
7=1
nl/2 Z;LE [RE?}”Q I
c/(4C,)

where the numerator on the right hand side of the last inequality is bounded above thanks
to Assumptions 4-5 as well as our observation in (16). An analogue argument shows
Rso; = O,(n~%?) (see also points 3 and 4 in Assumption 2 to see this).

<

+o(1),

Combining arguments implies Bt — B = Op(nfl/ %) for every 1 < t < T, which concludes
the proof of the first result in Theorem 4.1. Turning to &; note that

|Gy — at||2<32a]t_a]t +3mz jt ||¢Jt ¢J,k||2+3 Z

j=m+1
The results in Hall and Horowitz (2007) and Shin (2009) immediately translate to
mZﬁl(a;ytYHQAﬁﬂ — ¢;xll3 and 3777, a5, which are both O, <n%> The remaining
term can be split according to
Z(dj,t aj,) <QZ K = DKy 1 03a) — a3,)° + Z(S\]t (PyaTat — Birzaros, Gje))’
j=1 j=1

(18)

with Ky = n" > i1 (Wit — Elya]) (X — E[Xa)), Ky, =030 (20 — Elzu])(Xi —
E[Xu)), ror = E[Xu] — Xy, ryp := Elya] — 9 and 1,4 = E[zy] — Z. Note that |[r5¢||2, |7y
and |r.¢| all correspond to errors from parametric estimation problems and are thus of
order n~%/2. Bounds on A;; — \jx as well as ||p;; — ¢;4|]2 are asymptotically equiva-
lent for data centered around their arithmetic mean and data centered around their pop-
ulation expectation. Together with the above arguments it follows that the first term
in (18) is asymptotically equivalent to the corresponding term in Shin (2009), implying
Py 1(>\Jt <K;¢Xt BK T Gia) — a,)? =0, <n%) Now, define the event
Fame =N = Nl < Xjp/2: 1< 5 <m}

for which we conclude P(Ff, ;) = o(1) for any 1 <t < T as n — oo as a consequence of
(9). On this event the second term in (18) can be bounded according to

m

Z(/\]_tl <7’y,t7“X,t - 5t7’z,t7“x,t, qu ¢ < 8 Z )\j kr

Jj=1
1+2p—2p—4v 1—2v
= Op (n pF2v > = 0p (nu+2u> .
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Finally combining arguments yields ||d; — oy|[3 = Op(n%) for any 1 <t < T asn — oo,
which concludes the proof of the second part of Theorem 4.1. B

A.2 Proof of Lemma 4.1

In what follows we show that the quantities o?,ﬁA) are consistent for agA) in the L? norm,

uniformly over 1 <t < T'. The remaining claims in the Lemma are required for this result
to hold and are validated en route.

We begin introducing additional notation and listing a number of basic observations,
which are a consequence of the iid sampling scheme in the cross section as well as sta-
tionarity of the regressors and the error over time within regimes. Note that since the
random variables {(Xy, zi,€4) t € Gg, 1 < i < n} are stationary, expectations of the
below statistics calculated from these random variables do not vary over index t for a given
regime k. In order to reduce the complexity of our notation, however, we do not make this
invariance explicit in every step. For the following properties we also use the results in Hall
and Horowitz (2007) and Hérmann and Kokoszka (2010).

e Based on the above convention for our notation, we conclude, using the results in
Hormann and Kokoszka (2010), our first observation:

E D} _
2 t 5-1
P(lr?ta<x1) >c) E E D >c <K g}fg{ |Gy . =0(n°) =o(1),

k=1 teGy,

)

since |G| o< T o n’ according to Assumption 3, which we will use in what follows

without reference.

e Further, empirical variances of z; and €; behave according to

P (max |Kzt K. .]* > c)

1<t<T
-1 L N2 _ _ V!
< K max ‘Gk|n EH(Zzt E[Zzt]) Kz,k| ] + K max ’Gk| [(Zt E[Zzt]) ]
1<k<K c 1<k<K c
== O(n6 1) + O(NS_Q) = 0(1) (19)

and similarly

P | max
1<t<T

n

nfl Z(Qt — Et)2 — 0'62

i=1

D LE (2 — o2)2
>c> < K max \Gk| Blle; = oc)

1<k<K C 1<k<K

=0n ) +0(n°?) =o(1).

e In analogy to before introduce Kfﬁt =n"1 3" (zu—FElzu])(ei—Elex]) and f(ﬁst(u) =

n~t S (Xi(w) — E[Xa](uw))ey as well as r., := &. It follows from simple moment
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calculations for the cross sectional empirical covariances between regressors and error
that

T

T
P (s 1l > ) < SOP (AT > e/1) + 3P (e
t=1

1<t<T
t=1

grez,t > 0/4)

n" ol B [|| Xi — E[Xu]l[3] E(&)*)E [|1X: — E[Xq]|13]

< K max |Gyl

+ K max |Gy
1<k<K

1<k<K C c
=0 +0(n"~*) = o(1) (20)
Similar arguments can be used to show
2 _ 5—1 5-2y _
P (fgtaSXT | K oet]” > c) =0+ 0 7)) =o(1). (21)

Uniform consistency of the empirical covariance K,x(u) can be shown with similar
arguments according to

P (max ||KzX,t — K.xull5 > c>

1<t<T

T T
<M P (IIKfX,t — K.x4ll2 > c) + 5 P (llradll3r?, > )
t=1 t=1
< mae |Gy B UG = Ele]) (Yo = EXG]) = Kol B

1<k<K c
[r24] E{llrael[3]

E
+ K max |Gy
1<k<K

= O(n*Y) + 0(n’2) = o(1). (22)

Beyond the above observations, the following part of the proof requires the term

> e S\J_ngb]k — ngSj7t| |2 to vanish in probability, uniformly over 1 <t < T.

To see this, note that F [RJ(?] as in (15) does not vary over the index ¢ € Gy within
a regime k, but potentially across regimes k = 1,..., K. This due to the stationarity
of the functional regressor within regimes as postulated in Assumption 1. We thus
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conclude:

SK@%‘G’“’ c-Oi/(16-4) * 2 (P (i) P (o) + P (7in0)

t=1

=0 (Tn'm*) + 3 " (P (Ff,,) + P (Fs,,) +P(Fio)) (23)

where C'\ is the constant from point 1 in Assumption 2. To obtain the second in-
equality, we used once more that \;; > \;x/2 for 1 < j <m on F,, ;. The sequence
in (23) is a null sequence because on the one hand

_ 3+(146)p—2(1-95)v
Tn 'm3t =0 (n n+ev >

= o(1)

thanks to Assumption 4 and on the other hand since
T
> P (F,,) < K max |Gi[P(Ff,,) =o(1), [=1,2,4

1<k<K
t=1

as we argue next. First we observe

2(1+p)
K max_|Gy[P(FE,,.,) Klg}%mm(cn D2 > 1/8)

1<k<K
2(14u)

< K max |G|8Cn w2 E[D?]

1<k<K

24+(14+8)pu—2(1-6)v)
= O (n pt2v > = 0(1)




for any C' > 0 (cf. Assumption 4). Second, we argue that
K max |Gk|IP’( nt) = Klir}ga%}%|Gk|IP’(E|1 <j<m, j#I: |/A\j7t — N2> ANk —

. . ° 1

=K max |GyP(AL<j<m, 571 [Ae = Al < 51k = Auil)
. . 2 1

< K max |GiPEL<j<m, j#1: Ao = Ajal > 5k = Aal)

1
< K max |Gi|P(D; > = 5 min{Ajx — Aji1k Nj—1.k — Njk})

1<k<K
E[D?]
<K G, :
B Ty W WS W W EY T

=0 (Tn_1m2(1+“))
=o(1)
by the fact that D; > sup; |5\j ¢+ — A\ x| almost surely as well as Assumptions 2-5. In

lines of our arguments from the proof of Theorem 4.1, we conclude K max;<p<x |Gr|[P(F3,, ;) =
o(1). Beyond that it holds

1
K s [P ) < K e [GIP (s e = Ajal >

1<k<K

1
< K max |GkUP’< )\m,k)

1<k<K 2

4E [D?]

< K max |Gyl
1<k<K

=0 (n nu+2V> = 0(1)

again thanks to Assumption 4. Note that our result in (23) implies in particular that

o B
(f?%z ik — iallz > C) =o(1),

which will be used without further reference in what follows.

e As a last observation, we note that max;<;<r ||oy||2 = maxj<g<x ||A||2 is a constant
and does not vary in ¢ and neither in k.

Now, turning to our concrete arguments for @§A), we note that the scaling which dis-

tinguishes at ) from &y is composed by 0., and the empirical eigenvalues )\]t 1 <7< m.
While the latter can be treated in a comparably simple way, ., requires closer attention.
We thus begin focusing on this object and its constituents. For this purpose, define the
event S, for later use according to

Sn,t = {

1
~2 2 2
Ue,t - Ue,k < _Ue,k .
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We show in a moment that Zthl P(Sy;;) = o(1). However this requires some prepara-

tion since &f’t includes estimation errors from f; and @&;. We thus start arguing that (i)

P(maxi<<r |8 — 8] > ¢) = o(1) and (ii) P(max,<;<7 ||éy — || > ¢) = 0(1), as claimed in
the lemma. Turning to the first point, note that the estimator 8, makes multiple use of the

operator @, which can, starting from the Riesz-Frechet representation Theorem (cf. Shin,
2009), be handled according to

~ 2
b~ @y|| = 3Ruvi+ 3Ruzs +3Rug.

The last summand is defined as Ry 3 := HZ;”;mH W%k
J»

t and o(1) because the truncation parameter diverges at infinity and hence R, 3 is arbitrarily
small for n large enough. The remaining summands are defined and handled as follows.
For the first one we observe that

i (K.xt, $ja)  (Kax 9jik) b,
5\3‘715 >\j,k I

Jj=1

2
‘ , which is independent of
2

2

R4,1,t =

2

mo. . R . . 2
<2 Z()\j,t/\j,k)_z [</\j,szX,t — N Kox o Gi) + (MK ox e, (@40 — ij,k»}
=1

<4 Z(S\j,t/\j,k)_2 [(sz,m Gik) Nk = Xjo)* + (Kaxy — Kaxps 05)° A
=1

I

m
+2 Z()‘j,t)_2<KzX,t> (Pjs — Dj))”
j=1
m m
<4 Z(Aj}t/\j»k)i2<KzX,ka ¢j,k>2()\j,k - )\j,t)z +4 Z ||KzX,t — sz’k‘ |§>\;3
Jj=1 j=1
::F‘Eg,l,t :11%2,2,t
m
+ 23 N ARl Blldse — d1al3.
j=1
—iRs.

For the three summands R5 14, R524, R53: we use our above observation as well Assump-
tions 1-5 to conclude the following:
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Ad R5717t1

ZP(Z NjeNig) <sz,k,¢j,k>2<xj,k—w>c)

7j=1
<Klr<r}€a<>§<]GkUP (4‘2%;([(2&“@.%)2(%& —A\g)? > ) + K max kayP( )

EDF] 370 A (Kex s G18)°

<K11<I}f?§< |G| o/ +o(1)
=0(n°1) +o(1) = o(1).
Ad Rs;:
T m
ZP<ZHKth szHg)\ f>c>
t=1 j=1

< K max. |ka> (4Z|\sz— Koxill3A 1 >c> + K max |Gk|IP’( )

7=1

STANEE IR exa — Koxal B
< K max |Gyl
1<k<K c/4

_0 <n1+(1+5;igf(175)v> I 0(1)
=o(1).
Ad R5’37t2

+o(1)

T m
ZP (Z /\J_t2||Kth||g||¢yt — ¢gk||g > C)
=1 j=1

<K max |G.|P <2||sz el E;Aj_fﬂcﬁj,t — dnllz > 01/2)

+ KIISI}C&;}% |Gk|]P> <2||K2X,t — zX,ng > Cl/4>

m

+K1I§I}ca§§<‘Gk|]P’< Z_: G — dinll > Cl/4>
=o(1).

Since P (maxy<jcr Rany > ¢) < 00 o1 P (Rsy. > ¢/3), it follows that P (max,<;<p Ry > ¢) =
o(1). For Ry 4, defined as

m 2

Kz y W3, n
> K 040} );kf &) (Pjk — Dit)

i=1

R4,2,t =

9

2
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we note this expression can be most easily handled using the almost sure bound in (12)
according to

K max |G|P

1<k<K

. Kz y ¥J 7
> %(m — dj1)

j=1

N 2
Gk — jt ,

S ¢
<K max |Gg|P mg ZX];’ ) ‘
1<k<K A
Jj=1 g,k

m K. N2 22(14p)
K max |Gg|P thQZ< Xk Pik)” J >c

2
1<k<K = ik 4
mE[D? K.x g, $300) 257 |
¢ [P R 0350
1<k<K c-Cf

thanks to Assumption 2-5. In particular, these results imply

P (max I|By — Byl |2 > c) =o(1). (24)

1<t<T

To proceed we work again on the differences (,@t — B = Bt_ ! (Roit + Ro2t + Rosy)
with Ry 14, Ro2+ and Ry g3, as in the proof of Theorem 4.1. Addressing the inverse in these
differences, define the t-wise event @+ := {|B: — Bx| < %Bk} For this event, note that

Zthl IP( fw) < R¢1 + Rs 2, where Rgq := Zthl P (\[A(z,t — K, x]* > c) = o(1) as shown in
(19). For Rg o we use the arguments in Shin (2009) to obtain

T
Rgp:=)» P (||<I>t — O[3 [ Eox i[5 + (19 — @il + || Pxl[m) [ Kox s — Koxill3 > C)

(25)
<K max |GIP (IId — Oullf 1 Kox i3 > )
1<k<K
+ K mas |GulPP (210 — @ul | Kuxe = Kaxal § > ¢2)
+ K o Gl (2119l ol Ko = Koxall3 > ).
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As shown before R7 1, R73 = o(1). Further
Rrs < Klg}jg% |G| P (H@t — Oyl 3 || Kox e — Keoxll3 > 01/2>
< K max [GyP ([[6 — @4l > ) + K max [GiIP (|[Kox, — Koxallf > /)
=o(1).
For uniform consistency of B, it remains to show that
° ]P’(maxlStST |R0717t| > C) = 0(1),
o ]P(maxlgtST |R0,27t’ > C) = 0(1) and
° ]P’(maxlStST |R0’37t’ > C) = O(l)

For this we argue

n

n! Z(cht — Qu(X7))er

i=1

>c>

2 ~
> )+ K oGP (104l ol > /1)

P (max |Ro1.t] > c) =P (max
1<t< 1<t<T
< K max |Gg|P ( f(ze’t
1<k<K
=o(1)

due to (20) and (21). Further note for Ry,

P (max |Ro 2.t > c) =P (max )(i)t(ffex,t) - (IDk(IAQX,t)

1<t< 1<t<T

- o)

<K max. |G |P <H(i>t - (I)k||H/Hf(eX,t||2 > C>

<K max |Gk|IP> <||K€Xt||2 > c>

1<k
+ Klrér}%)%( |G |P <||<I>t — |3 > c)
=o(1)

as a consequence of (20) and (24). For the remaining terms, we argue along the same lines
as in the proof of Theorem 4.1:

P <max |Ro 3.t > c) <P (max |Ry 1] > c) +P (max | Ry 2.¢] > c)
1<t<T 1<t<T

1<t<

P(max |R11t|>c) §P(max||at||2 ||Kth zX||2>c)

1<t< 1<t<T

=o(1)
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because of (22). The remaining term was shown to be bounded according to Ry 2 < Ro 1+
Ry 24, where the two summands are defined above. While Ry ; = O(n_l/ 2) deterministically
and independently of ¢, note for the second summand Ry, < R3¢+ R32,:+ R3 3, as before
and further:

P(max |R31t| >C>

1<t<

<K max |G|P (2 IK.x — Koxpll2([|0g — @ikl - [|Axll2 + laj,]) > C)
J:

<K max [G|P (2||f(zx,t — Koxllo 1Akl ) M50 — djall2 > C)
=1

1<k<

+ Klr&a;% |G |P <2||sz,t — K.xxl|2 Z ai,| > c)

1/2
<K max |Gi[P (2”;@“— Koxalls |\Ak||242( ) >c>

7j=1

+ K max |G| (Fs ) + o(1)

.

l

14l B [ Kexe — Kox i3] m? (S5, B[RY)])?
<K max |Gyl +0(1) +o(1)
1<k<K C

=0(n’"'m?) + o(1) = o(1),

due to Assumptions 2-5 and our above observations. Further for Rs2; similar arguments
yield:

P (s ued > ) <K s [GulP (||Ak||22| Ko 63| 1650 = dalle > )

7j=1

7t

[ Axll5-16 - C sz 1]*2(/~L+V)E [R@)]
<K max |Gyl + K max |Gy|P (F5,,,)
- 1<k<K m,

Similarly, we argue for Rs3;,

P(max Ry > ) <K s [G4[P (HKZ“H 1A S 1650 — 6342 > )

1<t<T
7j=1

+ K max |Gi[P <||Ksz||2Z||¢yt jkll2laj,| >C>

= o(1)
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where the first term is a null sequence as implied by (23). The second term is of the order
O(n’~tm) = o(1) which follows from analogous arguments as used for Rz ;.

Combining our above arguments, we conclude P(max;<,<7(8; — 3;)2 > ¢) = o(1) as
claimed in the lemma.

Now, turning to the estimation error in &; we employ upper bounds

1<t<T <k<K

P (max |Gy — |3 > c) <K max |Gl P (J|ée — u|[3 > ¢)
< Rg1+ Rgo + Rg 3+ Rga.

While the four summands on the right and side are defined below, the term > 2 P a’;tz

does not appear in the upper bound, as it is a null sequence and hence arbitrarily small for
sufficiently large n (cf. Assumptions 2,4 and 5). The terms Rg; — Rg4 are as follows:

Ad R&li

m n 2
Rs1 =K max |Gy/P At (wZ( X, b€ ) > ¢
- 1 =1
AT NGB ||| Kokl
< K max |Gy

1<k<K C

(A+8)p—2(1-8)v
=0 <n1+ Hé#i?f = ) +0(1) = o(1)

+K nax \Gk|]P’( i)

due to Assumptions 2-5.
Ad RB’QI

1<k<K

m n 2
Ryp =K max |Gi[P | Y A7 <n—12<xg,¢j¢>z;;> (B, — B,)?

<K max |G/ 4y N Kox 65007 (6 = Br)° > C) K ma 1GP (Fina)

1<k<K

<K max |GelP [ SON (K oxs 65025 — 6) > c) + 2K max |Gy|P ((/%t —B)? > c>

+agy@P@&mmZ&mwz@%>Q

+ K max \Gk]IP’

/N

1Koxr = Kaxol3 > )

—|—K max |Gy|P (Ff,

1<k<K

=o(1)

—
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which follows from our above observations.
Ad R&gi

With a;+ == (a, ngﬁjyt) = (A, q§j7t>, we obtain

m 2

> (a3, = aja)oja

J=1

Rg 3 = Kér}%}%( |G |P

>c

2
> C
2

2

ik — Djt

< 3 ’
< K max |Gy[P <||Ak!|2 E 1
‘7:
=o(1)
as a consequence of (23).
Ad R874Z

2
Rs 4 = K max |Gi|P

1<k<K

>c

m
> as(dis — bik)
j=1

2

m . 2
< K max |Gi|P (mZa;tZ it — ¢j7k“2 > c)
j=1

1<k<K
=0 (mnéfl) = o(1),
which follows from the arguments used for Ry, because |(K.x, @jx)|/Ajr and |af,| are

of the same order in j. Combining arguments yields P (maxj<i<7 ||&; — |3 > ¢) = o(1)
proving the second claim of the Lemma.

This would already justify classification on the distances ||a; — d,||3. However, as scaled

versions of the estimators are employed the behavior of the scaling, which itself is random,
needs to be explored. Contributing to this, now turn to the event S,,;, for which

n
_ - - 1
Klgaé}% |G|P (S ;) §K11<I}€a<)§( |G|P < nt g (€57 — 024 + 2€573 + 7) | > —0627,6)
== == i=1

n
1
<K max |Gi|P < nt Z (€5, — 024 + 265,75 + 73) | > = min U?,k)

1<k<K — 2 1<k<K
1=

<Rg1+ Rgo+ Ry 3

where 7 = 258 — Bi) + (X5, au — &), minj<p<i 02, a constant, and Rg; — Ry 3 are as
follows.
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Ad R9712

n

nt Yy (e’ - ot)

=1

Ry := K max |Gi|P (
1<k<K

n

nt Z (eitg — 0627;3)

" 2
>c K max |Gi|P nt € >c
— )+ 13k§K| g 2 "
1= 1=

< K max |Gk|}P’<

1<k<K

s (et e
< K max |Gyl ’ + K max |Gk|n—[€”]
1<k<K c 1<k<K
=o(1).
Ad Rg’gl

n

n! Z (€5e7it)

=1

>C>

Ry 9 :=K max |Gk|IP><
1<k<K

< Rip1 + Rioz2

with Ryo,1 — Rio2 as follows:

~0)

< K max |Gy|P <K2t > c) + K max |Gy[P ((Bt — B> c) = o(1)

1<k<K

R10,1 =K 12}%}% \Gk|]P’ (’(/Bt - ﬁt)—f(ze,t

by (21) and the above results. Further

310,2 = KITSI}%?% |Gk|P <‘<KX6,ta Qi — @t>

~0)

< K max [GiP ([ Kxell3 > ) + K max |GyIP (Jlow = @]l > ¢) = o(1)
1<k<K 1<k<K
by (20) and the above results on &.

Ad R9732

-1 § ~2
n T

Ry 3 :=K max |Gk|IP’<
1<k<K

—1
< ol - (B — Br)? )
< Klrsr}czg}( |G| P <|Kz,t (Be = Be)” > c

7

J/

TV
=:Ri1,1

1 — .
+ K max |Gy|P <EZI\X§|\§I|M—%|I§ >6)

1<k<K -
=1

S/

VvV
=:Ri12
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with

R11,1 :

by

Ri11 and Ry 2 to be treated as follows.

2
K max ]Gk\P<szk] (B, — B.) >c)
<K max |GuP (|Kos = Koal (B = B > ) + K max [GulP (Kol - (B = 5)* > )
—,Bt)Q > C>

3 - i
_Klrgr}caé}% |G| P <|K27t k| > c> + Klrgr}ceg( |G |P ((ﬁt
+ K mas [Gi[P <|Kz,k|(5t — B> c) = o(1)

(19) and the above results. Further it holds that

Ri1s =K max |Gk|IP’( Z||Xt|| |y — a2 >c>

1<k<K
( ZIIIXtIIQ (11X t||”'||dt_at||§>c>

<K max |Gi|P
— a3 > ¢)

1<k<K

K s 1GIP (E [IX518] 1

_ 1127\ 2
n B | (IXE1E - B 11X518)°] o
<K max |Gk| + K max |G|P (||a: — a5 > ¢
1<k<K c 1<k<K
A2
+K s (G (B 16 13] la - ad B > o
=0(n°1) +o(1) + o(1) = o(1)
in light of our above findings. Combining results yields K max;<p<x |Gi|P (S5,) = o(1).
Now, finally turning to d,EA), for sufficiently large n
2
P <max ‘ @EA) - agA) ) < K max |Gg|P ( (A) — agA) > c)
1<t<T 1<k<K 2
< Rigq + Riz2
with
Rioy = Klg}%}%]GMP Zl Qjy — ajt 5e2t > c
]:
m A1/2 /\1/2 2
and R122 =K H}Ca<)§< ’Gk“}b Z < ¢jt gt o ¢] ka]t> > C
J=1 Gk 2
R151 can be decomposed according to
)

R1271 < R1371 + R1372 + K max |Gk|]P’(
1<k<K

XX



where

Rizp =K H}f?% |G|P (UE, Zl jit zX,t>¢j,t>2(5t - 5t)2 > C)
j:

||M3

and Ryzs:= Klrgnkzg( |G |P < tl (Kxes, ¢g )2 > )

because 6, < 20;,? on S, ;. Noting that 0;,3 is obviously bounded above by a constant,
these terms in turn behave as follows:

Rizy <K max |Gy (2 A (Eox i, ) (B — Br)? > c> +2K max |Gi[P ((ﬁt —B)? > c)
p

+ K max |Gi|P (Z Nl Kexe — Koxllz > C> + K max |Gi|P (Zl Nalldge — diull3 > C>
= J

+ K ax |Gk]IP’( i nt)

= 0(1)

which follows from our above arguments. Further we conclude

S B (|1 Koxeel B

<
R13 s < K H}fg{ |Gk;|

= O0(n’'m'™*) = 0(1)

+K max |Gk|IF’( 4m)

as consequence of Assumptions 2-5. Now turning to Ri25 note that

Rigo <Risq + Riao

m A1/2 1/2A
O¢k A )\
Z( - Pt ¢J k)
1

where

R141 =K max |Gk|]P)

<k<K

> C
O_Gk’ €t Uek €t

and

m {1/2 2

7t n
E : — Qi) = Djk
et

— €,

Ry = K max |Gg|P > c
’ 1<k<K

2

Note for R14’1Z

Ris1 < Ris1+ Riso + Ris3 + K max |Gi|P(Sy )
1<k<K )
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with

<k<K

R151 =K max ‘Gk“P)(

g

( gt)zj‘j,t(ae,k - &e,t)Q > C)

m
. 2
Ry = K1g}%}§< |G.|P (mz; th ¢j,t||2 > C)
]:

(aj,)°62, </\1/2 - )‘1/2> > C) :

In order to assess the asymptotic behavior of these terms, we note that by the mean value
theorem

R153 =K max |Gk|]P><

]

e it holds on S,,; that [0+ — gc x| < f‘o-et - Uek| and

= Ock

e it holds on F, that |/\1/2 — >\1/2| < < > |)\Jt Ajkl-

Adding these observations to the above allows us to conclude the following for Ry51 — Ry53:

Ad R15712
Ris1 =K max |G |P <2;( jt)2)\j7t|ae,k — Ges? > c)
]:
<K |Gi|P Qi NjkloZ, — o2 P >
12}635% k gk . ]t 3k10et = Ock c
AVES
+K max |Gk|]P> Fint) +Klg}%§( |G| P (S )
=o(1).
Ad R15’22
Riss <K max |Gy|P <2ma Z 2Niallbin — G2 > c> + K max |Gi|P (S5,)
1<k<K — 1<k<K ’

=0(mn’ ") +o(1) = 0(1)

which follows from similar arguments as the ones used for Ry ;.
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Ad R15731

m

2 2 —113 2

Riss <K max |Gy[P ( oc ), El @l ) Al Aie — Ajel” > C) + K max |Gy|P (She)
J

+K uax |Gk|IP>( nt)
i (

* —1 2

a E|D

B I o o ria L
1<k<K &

=o(1).

+ K Max IGi|P (Ss,) + K max |GelP (F5,.0)

It remains to show that Ry42 = o(1). For this purpose note

m 5\ P
Riy2 =K max. |G|P (Z —aj,)? 52, > c)

J=1

<K max |G| P <4HOétHQZH¢]t ¢jk”2 At )—i—K max \Gk|IP’( i)

j=1 ek
+ K m P (S¢
15&XK‘G'“| ( ”)

=o(1) 4+ o(1) = o(1),

which follows from (23) and our above arguments.

Combining arguments implies the last statement in Lemma 4.1. B

A.3 Proof of Theorem 4.2

Using the results presented in the previous lemma it is possible to argue in analogy to the
proof of Theorem 1 in Vogt and Linton (2017) to validate the classification consistency
claimed in our Theorem 4.2. For this purpose consider the set S = {1,... T} \ U<, Gy
at an iteration step 1 < j < K — 1 of the algorithm described in Section 3. For a ¢ € SU)
denote the set of indexes corresponding to the ordered distances At(l) <. < At(|s<i)\) as
{(1),...,(|SY]}. In analogy, the index set corresponding to the ordered population dis-
tances Ay < -+ < Ayeep is denoted as {[1],..., [[SY]]}, where Ay is as in Assumption

7. Now, define the index & according to At(,%) < Tpr < At(,%+1). Its population counterpart,
r, obtains as 0 = Ay < Tpr < Ayje41]- It holds that

PH@),.... (&)} A {(L],.... [&]}) <PH(Q),.... ()} A {1}, .., [r]}) + P(& # k) (26)
(1)+0(1).

In order to prove that the first probability on the right hand side of (26) is a null sequence,
suppose that t € Gy, with 1 < k < K. As indicated, there are x > 1 indexes in S being
elements of Gi. For the corresponding distances it holds that Ay = -+ = Ay = 0 by
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definition. The remaining distances are bounded away from zero by 0 < Ca < Ayqq) <
- < Aysty due to Assumption 7.

As stated in Lemma 4.1, max;<;<p H@§ - atA)HQ = 0,(1) implying that max;<,<p | Ay —

A¢s| = 0p(1), which holds for any reference period ¢. Comblnmg arguments allows to con-

clude maxy <5< At (s) = 0p(1) and min, .50, At > Ca+0,(1) as well as max;<s<, At[s] =

op(1) and min, |50, At[s] > Ca+o0,(1). This 1mphes that the first probability on the right

hand side of (26) tends to zero. Further note that the specification of the threshold in As-

sumption 7 immediately implies P (At[ﬁ] < TnT> — land P (At[ﬁﬂ} > TnT> —lasn — oo

in light of the preceding arguments. As a consequence of this P (Atm < Tt < At[nﬂ]) —1

as n — oo, implying that the second probability on the right hand side of (26) is a null
sequence. W

Remark 1

For the calculation of the convergence rate of our estimator Ay, the classification error is
negligible as a consequence of Theorem 4.2. To see this note that an analogous argument
as in Vogt and Linton (2017) holds in our context: let s(n,T’) be an arbitrary deterministic
sequence such that s(n,T) — 0 as n,T — oco. Now, note that for any constant C' > 0

P ((s(n. )74k = Adll3 > €)
<P ({1 NA = A > Cfn{Ge=Ge}) + P ({Gr £ Gu})
=P ((s(n, 1)7I14f = A3 > C) + (1),

where the quantity flz denotes the estimator A;, calculated from {(Wit, Xty zie) + 1 <@ <
n, t € Gi}, i.e. from correctly classified periods. Note in particular that the time series
dependence formulated in Assumption 1 does not affect this argument.

_ In light of this remark, the proof of Theorem 4.3 starts from the ideal oracle estimators
Ay rather than their contaminated counterparts.

Remark 2

For the proof of Theorem 4.3, we work with classification-error-free oracle variants of the
estimators ng] ks )\J ks KX ks Kszk, KZ & and Fk Such estimators, calculated from {(z;, X;) :
1 <i<n,te Gy}, are denoted gb;‘k, T K;‘(k, K:Xk, KZ . and I'f. In analogy to before, we
further denote the Hilbert Schmidt norm of the difference between F* and the population
counterpart [y as 5;; .= || — I'x||s. Beyond these quantities, the estimator A} makes
implicitly use of the operator éz which estimates, in analogy to &Dt, the operator ®; as in
(11). ®f is defined according to

by(g) = 3 Lexwbind g0



for any g € L*([0, 1]), where m = 1y, for simplicity of notation.

Assessing the asymptotic properties of the classification-error-free estimators, note that
due to Assumption 1 for every regime Gy, the random variables {X;; : 1 <i < n, t € Gi}
are L} -approximable. Thus, for suitably large constants, the following inequalities from
Hormann and Kokoszka (2010) hold:!

2[(5:)] < ctalGun 7
||~ sexa}] < ctmic 9
B[R, = A 21 <FE {(5;;)2] < Cn|Gi])! (29)

for 1 < 7 < m. Further note that the dependence of the random variables {(z;, X;;) : 1 <
i <n, t € Gy} is sufficiently weak, such that

E |:HK,:XI<; - KszHj = O((n|Gx)™)
and further

B UKk o

| = ot ™,

which can be shown by straightforward moment calculations. In addition to that, bounds
2

‘&;k — ¢MH can be obtained in analogy to the almost sure bound in (12) and the

asymptotic bound as in (13)—(15). We make the latter precise defining the analogues to
fl,n,t_FS,n,t as

1. ]N:I,n,T,k = { (n|Gk|) e (D*) < 1/8}
2. Famn = { [N = Ml < 200 = sl < ClnlGu) ¥, 1 < < j 1 e N,

3. Fanrk = Finrk NV Fontk

for which we note IP’(.FMT,C) < IF’(}"fnTk) + P(-an:rk) o(1) +o(1) as (n,T") — oo from
similar arguments as before. Also, as in our arguments for the t-wise estimators it holds
on .F27n7T7]€ that

L% 204p) [~ 2\ 1 _
165 — Gklls <8 <1 — 4C (n|Gy|) w2 (Dk> ) R, (30)
2

1 1
where R\ =" (A — Ag) 2 [ / / (K (,0) — Kx (1, 0)) ¢ (w) ue(v)dudo |
L] 0 Jo

LCf. Theorem 3.2 and the consequent discussion in Hérmann and Kokoszka (2010).
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from which we conclude, that on ﬁ3,n7T,k, it holds that
1675 — @ll3 < 16RY). (31)

The results in Hall and Horowitz (2007) also allow to conclude F [R(d) ] 72(n|Gr|)™h)
uniformly in 1 < j < m for weakly dependent random variables {X;; : 1 <i <n, t € G}.

As a further important observation we note that
~ 2 1-2v
[oi -] =0, (mlcu)=)
H/

given Assumptions 1-6 hold. This can be seen from a regression

ziw — Elzu] = (¢, X — E[Xu]) + su (32)
in the k — th regime, where 1 <t < |Gy, 1 <i <n and s; as in Assumption 6. Since the
functional parameter ( is formulated as being time invariant, it can be estimated as in Hall
and Horowitz (2007) from pooled data (X ¢, 2j,)), Where 1 < j(i,t) := (i — 1)|Gy| +t <
n|Gx|. As noted by Shin (2009), the resulting estimator, say ¢, links to the operator ®;
according to

1€ — ¢l = H<I>* (I)k‘ (33)

The argumentation in Hall and Horowitz (2007) (cf. their Theorem 1 and correspond-
ing proof) transfers mutatis mutandis to a setup with weakly dependent regressors (L2
dependence) and weakly dependent errors (m-dependence) as is the case in our auxiliary
regression (32). This can be shown using the fundamental results formulated in Héormann
and Kokoszka (2010). As C is calculated from a sample of size n|Gy|, the results in Hall
and Horowitz (2007) together with (33) thus imply

|- o], = 00 (tnicupi®)

i

as claimed before.

A.4 Proof of Theorem 4.3
Note that on mtEGk Qn.¢ it holds that Bt’l < 2B, ! for any t € G}, and so

' Z(Bt — B)?| > C)

2 3
<P | 4B, n(|Gk| IZ<ZR0“+R 1t+R§,1+ZR§,j,t>>C>
j=1

teGy

P\ n(lGil)

3

> D R

teGy =1

<P | 4B*n (|G])~"

+ ‘kab( ;t) .
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In the proof of Lemma 4.1 it was shown that P (Q% ;) = o(|Gk|™"). Regarding the remaining
term, note that due to the exogeneity of the regressors and stationary distributions within
the regimes the following holds: for any ¢; > 0, j = 1,2, 3, there exist constants C; = C;(¢;),
7 =1,2,3 such that

nE[R2
P 77/|Gk’71 Z R?),l,t > < M < Cl
teGy 1
nE[R2
P ’I”L|Gk’71 Z Rg,Q,t > Co < M < CQ
teGy €2
CE[|K.x: — K.x||2
P(nlcy S By, > o | < ROEI axe = Kaxl]
bt CS

teGy

C

Further we observe that Ry; = o(n~%/2). Using that P(Uica, Font) < e, P(F5n0) =
o(1) as shown in the proof of Lemma 4.1, we argue that for any constant c,, there exists a

constant Yy, such that

P <n|Gk|_1 Z Rg,l,t > C4>

teGy

-
S

. 3 B o 2
Al B [[|Boxe — Koxallf]* BDY2 ()72 (S )
C-Cy
~ 9 m 2
nE ||| = Kol ] (S50 Jal)

C:-Cy

_|_

§C47

due to the stationarity of (X, zit), t € Gj and (12). Beyond that we argue for R34, that
for any c5 > 0 it follows from similar arguments that there exists a C5 > 0 such that

P <n|Gk\_l Z R, > c5>

teGy
2

nllAd |- B D) (C)C2y (X 5)
<

C- Cy

<Cs.
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Finally, note that for any cg > 0, there exists a Cs > 0 such that

P <n|Gk|_1 Z R3s, > 06>

teGy

2l BAB(CR) 2B D] (S, 20 )

Ce

2
20| Ko lB(C3)2(Ca)?E [DF] (5, 1)

Co

+

< Cg

thanks to Assumptions 2-5, stationarity and once more the bound in (12). Combining
arguments allows us to conclude that |Gy~ > . (B: — 8i)> = Op(n™") as n, T — oo.

We use this finding in a moment to obtain the convergence rate for A;. To assess the
underlying problem, we use the following notation:

CC* | o : Nk . 1 n

CC’* [— =k . 1 n .
° 6 = ey — & with € = ‘ZteGk Do €t

The classification-error-free oracle estimator for the regime specific parameter function
reads as Af 1= Z i1 a a; k¢ . The basis coefficients indexed 1 < j < m obtain as

j = ( J,k - n|Gk| Z Z Xi" o ;k Yip — 2itBr)

teGy =1
= ag + gy,
where
g = ( nka\ t; 2 (X 05 (X, i) +€57)
and

teGy =1
The upper bound
- 2
T ~(1 ~(2 Tk

145 = A3 = || (@ +a?) &5 — A (34)

j=1 2

0 2 7 )

<2SSali, - | +230 (a) @

j=1 5 =1
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can be obtained using the Cauchy Schwarz inequality. The first term is the estimator from
Hall and Horowitz (2007) in the case of n|G%| pooled observations and an L? approximable

regressor function. Along the lines of our second remark and Assumptions 1-5, it holds that
(1+6)(1—2v)

- 3 2
> e dﬁ e Ak’ ‘2 =0, (n 2w ) The remaining term in (35) we split according

to

i( ) 3 (Ri61 + Ris2 + Rie3)-

J=1

where the terms Rig 1, Ri62 and Ry 3 are as follows:

Ad Rlﬁ’l:
i 2
Rig,1 122()\;’,/%)_2 <|Gk| Z _IZchtc* Dkl ((Xk Xt,Ak>>>
j=1 teGy i=1
N 2
m - 1 _
<4y (M) (m > lIX - XngHAk:H2>
j=1 teGy
— p(m1+2un—2)
on an event .E)n,T,k = {|/~\jk—/\]kl < %)\j,k : 1< j <m}. For this event in turn, note that

IP’(]?47n7T7k) — 1 which follows from analogous arguments, which lead to P(F, ;) — 1 above.

Ad R16,22
. 2
R = 32050 (s T 0 50 - )
j=1 klieay i=1
" 1 2
= Z()‘;k',k)_Q (m Z (X, — X, ¢;,k>€t)
j=1 kliea,
m 1 2
<4y (M) (ﬁ 1X: — Xk||2€t)
j=1 bl ieay
= Op(mH?Mn_Q)
on -/%4,n,T,k.
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’ 2
2.0 (mgk,t;k; (X5, 3024 (6 - @))
e 2
=3 050 <|L > e B (B @))

k|

teGy
)\* z ; )
SJZI( ],k <|Gk|t€ZGk Xt ]lc > ( k|t€ZG < ) )

A\ 2
of which it is known from before that ﬁ > e, (@ - Bt) = Op(n™') and

7

V) 2GR T (Kax, 63)°

1 teGy

<.
I

< (M) GH T Y 3 ((szk, Gin)” + (Kaxs = Kox g, 055007 + (Kex ks G — é;7k>2> :

J=1 teGy

We further conclude that on .7?4,n,T,k

u Ms

Z(x;,k)_2<KZX ks ¢j k,‘ zXJg, ¢]7k>2 X Zj2,u—2(,u+ll) = O(]_)
j=1

j=1
as well as
"
|G|~ 122)\%7 th—Ksz, Jk> < 2|Gk|” IZHKth sz||§Z)\;;§
teGy j=1 teGy, 7=1

A48)(A+2p)
= O < _1 pn+2v >
(146)(142p)—p—2v
=0, (n A2y ) = 0p(1).

Further, we use similar arguments as before (see the proof of Theorem 4.1) to obtain
D ) T E ex ks 0 — Gk S AIKxsll3D 1105, — ikl A7 = 0p(1)
j=1 j=1
on Fyprp O Fanrr, which implies Z;hzl(x;’k)”([(zx ks gz~5* — ¢jx)? = 0,(1). Combining
2
our above statements yields Z] 1 (a(2)> = Op(n~'). Further, if v > 1+“+5 , or equivalently

§> (1+p)/(2v — 1), then (nT)#7% = o(n~') and in case v < R <(nT) fﬁéi)
Together with our Remark 1 on the classification error the result in the theorem follows.
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A.5 Threshold Choice

In order to illustrate the properties of the threshold 7, as suggested in Section 5, suppose
for a moment that the truncation error in regime k is negligible (i.e., A\;z = 0,7 > m+1)
and that the eigenvalue-cigenfunction pairs (A, ¢jx);>1 as well as the error variance o7,
of regime k were known. In this case our estimation procedure yields variance adjusted
estimators 4\ = > e a;,i)\;’/,fdﬁ@,k and 4\ = > i a;,i)\;f&j,sgbm where the ap-
propriately scaled difference of their j-th components (n/2)"?o_; A;éz(dj,t — @) is approx-
imately standard normal (for large n and small temporal correlations), such that for all
t,s € Gy

n * n ~(A* ~ *
5Bk = EH@E ) — o)

= n 1/2 _ 1/2/~ N 2 m
3= ((5) a0, ) =

Jj=1

2
=Aj = EQ%’ where (for large n) Qj ~ x5, ift#sand Qf~0ift =s.

For accurate estimates and a small truncation error, we expect that H@,EA) — dgA)Hg ~
HdgA*) — dgA*)Hg and hence that A,, ~ A% Note that neglecting the truncation error is
often justified in practice, where a small number of eigencomponents is typically sufficient
to explain virtually the total variance (see, for instance, Aue et al., 2015 who use an essen-
tially equivalent practical approach and successfully approximate an infinite dimensional
functional time-series using a finite dimensional VAR-model).

To achieve a consistent classification, it is necessary that the threshold parameter
Tor — 0 as n,T" — oo since the distances Aj, are null sequences. However, 7,7 con-
verges so fast that 7,7 remains slightly larger than the maximum within-regime distance
maXseq, Ats. That is, we need to require that IP’( maXseq, Ats < TnT) — 1 or equivalently
that P(maxsegk Ats > TnT) — 0 for any ¢t € (. For finite samples this means requiring
that ]P’(maxsegk Ats > TnT) < ¢ for some small € > 0. Next we use the approximation

Ay, =~ A,. Observe that for a given t € Gy,

P <maXA;‘S > TnT> =P ( U {A}, > TnT}> < |Gg|P <Q£ > ngT> ;

G seG
k

where the latter inequality follows from Boole’s inequality. From this upper bound we can
learn about 7,7 according to

n 2 €
G P(Qm > - ) - Ffl 1 :
G ts = 27- T c Tt n ™ |Gy

where F;' denotes the quantile function of the x2 -distribution. As we consider a context
where |G| is large (|G| oc T in Assumption A3), we expect the value of £/|G}| to be very
close to zero. This motivates setting 7,7 = (2/n)F(p,), for some p, very close to one
as mentioned in Section 5. Note that according to Theorem A in Inglot (2010) and our
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assumptions in Section 4

2 2 4
TnT:—Fgl 1—L < —m—|—— log @ + mlog @ -0
n - |Gy n n £ c

as n, T — oo, which points at the large sample validity of the proposed threshold.
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