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A Further Discussions

In this section, we discuss the following three possible model extensions: first, the case
in which endogeneity arises from an omitted factor structure, second, second, the case
of dynamic panel data models, and, third, the case in which endogeneity is due to the
presence of simultaneous equations.

A.1 Presence of Multifactor Errors

There is a growing literature on large panel models that allows for the presence of unob-
served time-varying individual effects having an approximate factor structure such that

1
eit = N Fy + €,

where A; is a (d x 1) vector of individual scores (or loadings) A; = (Aj1,...,A;q) and Fy
a (d x 1) vector of d common factors Fiy,...,Fy. Note that this extension provides a
generalization of panel data models with additive effects and can be very useful in many
application areas, especially when the unobserved individual effects are non-static over
time; see, e.g., Pesaran (2006), Bai (2009), Ahn et al. (2013), Kneip et al. (2012), and
Bada and Kneip (2014).

Leaving the factor structure in the error term and estimating the remaining parameters
without explicitly considering the presence of a potential correlation between the observed
regressors X1 g, ..., Xp4 and the unobserved effects A; and F; may lead to an endogeneity
problem caused by these omitted model components. The problem with the presence of
the factor structure in the error term is that such a structure can not be eliminated
by differencing the observed variables or using a simple within-transformation. Owing
to the potential correlation between the observable regressors X ;t,..., Xp; and the
unobservable heterogeneity effects, we allow for the data generating process of X, ;; to
have the following rather general form:

Xpit = Vi Fy + NGt + apAiFy + pip i, (1)

where 9,; is a (d x 1) vector of unknown individual scores, G)p; is a (d x 1) vector
of unobservable common factors, a, is a p-specific univariate coefficient, and pu; is an
individual specific term that is uncorrelated with ¢;;, A;, ¥;, F; and Gy.

Rearranging (1), we can rewrite X, ;; as

Xp,it = 79;:1 ot ity (2)
where
Uy = H(aphi + 0,5, A), (3)
and
;,t = Hil(Ft/a G;;,t)/> (4)

for some (2d x 2d) full rank matrix H. The role of H is only to ensure orthonormality
and identify uniquely (up to a sign change) the elements of the factor structure so that
S G;;ftG;t /T is the identity matrix and > . , ;lz 5i/M is a diagonal matrix with
ordered diagonal elements.

We can see from (1) that an ideal candidate for instrumenting X, ;; is pp ;. Since pup it
is unobserved, a feasible instrument can be obtained by

Zp,it = Xp,'it - é;:ié;;,ta (5)
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where @;:t is the t-th row element of the (2d x 1) matrix containing the eigenvectors

. . . . Asx! .
corresponding to the ordered eigenvalues of the covariance matrix of Xp;; and 9, ; is the
b
. . ! . . . . /
projection of G}, on Xp ;. If d is unknown, one can estimate the dimension of v ,G}
b b bl

by using an appropriate panel information criterion; see, e.g., Bai and Ng (2002) and
Onatski (2010). A crucial assumption about the form of dependency in p,; is that, for
all T and n, and every i <n and t < T,

L. Zzzl |E(ﬂp,itﬂp,is)| < M and

2. 3 ket | B (pintip pe)] < M.

Bai (2003) proves the consistency of the principal component estimator when addition-
ally + ZtT:l G;th;t 2 Yy for some (2d x 2d) positive definite matrix Y¢s, ||| < M
for all ¢ and p, and ||2 37 19;11.19;71- — X
definite matrix 219;.

By instrumenting X, ;; with Z,;; in (5), we can consistently estimate the jumping
slope parameters as before.

— 0, as n — oo for some (2d x 2d) positive

A.2 Dynamic Panel Data Models

Generally, finding suitable instrumental variables that satisfy the necessary IV assump-
tions can be challenging. However, in the case of a dynamic model where the lagged
dependent variable, Y;;_1, belongs to the set of regressor variables, we can easily find
several natural candidates which could be inspired from the structure of the model itself.
For instance, let us consider the simple case where the lagged dependent variable, Y;;_1, is
the only regressor variable and where the errors, e;;, are serially uncorrelated innovations.
Taking the first difference of the dynamic model,

Yie = a; + Yie—1Bt + eat, (6)
eliminates the unknown individual effects and transforms the regression equation (6) to
AYi = Y18 — Yi—2Bi-1 + Aejy. (7)

It is easily seen that Yj;—; on the right hand side is correlated with the new error
Aejy = (e — ejr—1) since Yj;—1 contains e;;—1. A natural instrumental variable for this
endogeneous regressor could be for instance Y;;_o because it is not correlated with Ae;
and, by construction, correlated with Y;; 1. Alternatively candidates such as Yj;_3 or
AY;; o also satisfy the IV requirements.

A.3 Two-Step SAW for Jump Reverse Causality

Besides the issues of omitted variables and dynamic dependent variables, another impor-
tant source of endogeneity is the phenomenon of reverse causality. This occurs when the
data, e.g., is generated by a system of simultaneous equations.

Consider the following two-equation simultaneous equation system:

P
Yie = p+ Z XpitBep + o + 0 + e, (8)
p=1
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and
Xgit = biYi + Z Xpitde p + v+ u; + ¢ + vy, (9)
pe{l,...PN\{q}
for some a g € {1,..., P}, where by # 1/f; 4, and the parameters v, u;, and ¥; are unknown
parameters.

Neglecting the structural form of X, ;; in Equation (9) and estimating the regression
function (8) without instrumenting this variable results in an inconsistent estimation since
Xgq,it and ey are correlated (due to the presence of Yy in Equation (9)). A natural way
to overcome this type of endogeneity problem is to use the fitted variable obtained from
Equation (9) as an instrument after replacing Y;; with its expression in (8). However,
our model involves an additional complication related to the time-changing character of
Bt,q and the presence of the unobservable heterogeneity effects that render such two-stage
least squares estimators problematic. Inserting (8) in (9) and rearranging it leads to a
panel model with time-varying unobservable individual effects:

Xg,it = Z Xp,itd;p + 01 + uily + oy + €t (10)
pe{l,...,P}\{q}
where

dip = bifep+dip,
* _ beptbibi i+
1w = 1-b:ftp 7
* _ 1
26 T 1=bBep’
* _ bt,u—l-btft-i-ﬂz-l-v and
3 1-bBtp 7

git = biey + e

Note that the regression model in (10) can be considered a special case of the model
with multifactor errors discussed above. A potential instrument for X, ;; in (8) is then

Zq,it = Z Xp,itczzp + @;Gta (11)
pE{l,...,P}\{q}

where a?;f,p and ﬁ;ét are the estimators of b, and 0;Gy = 9%, + w95, + ;9%,, respectively,
and which can be obtained from (10) by using the instruments proposed above to control
for the omitted factor structure 97, + w;v5, + a;v5,.

B Theoretical Results and Proofs

B.1 Proofs of Section 2

To prove Proposition 1, we need following Lemma.

Lemma 1 (A) Let T* = 2 for some integer L > 2 and~v* = (v ,..., %) a (T* x P*)

matriz that possesses exactly one jump at T € {1,...,T*} in one of its P* column vectors
such that ,
’yf/:{v;k, for te{l,... 7}
Vi  # B for te{r+1,...,T}

Let Wi (t) be defined as follows

=1, and

Wi(t) = L1 ’:f 12
k(1) {Azj%_lfl,%1<t>—Azj%Il,2k<t> if 1> 1, (12)
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where Af,  are arbitrary invertible matrices and I (t) is the indicator function that

carries the value one if t € {287 (m — 1) +1,...,25"'m} and zero otherwise. There then
exists at most L non-zero coefficient vectors such that

I
'7: - Z W/;;ﬂl (t)b;kkl’
=1

where b}, are (P* x 1) vectors, I, < L and k; < 272,

Proof of Lemma 1 (A): To prove the Lemma, we show that 7} can be reconstructed
by using a number of (multivariate) wavelet basis that is smaller than or equal to L.

Due to the construction of the indicator function I ,,(t), we have at 7 € {1,..., 7"} a
unique index tuple, say (I, k;.), where I, € {2,...,L} and k;_ € {1,...,2772}, such that

Wik, (1) = Al ok, -1 and W, (T+1)= — A7 ok, -
Now, define the time interval Z;, for each [ = 1,...,[,, as follows:
T={te {l,..., T"}[Wjy,(t) £ 0}.

Due to the construction of the wavelet basis W (t), derived by the indicator function
I (t), we can verify that

lr
Uz={....1%
=1
and
Il-r CI[T,1 C"-nggzlz{l,...,T*}.

Starting with the thinnest interval Z;, that contains the jump location, we first define
the sparse vector

i if tei N{tlt <7}
7:(17) =19 Vi dif tei N{tt >}
0 otherwise.

Because 77 # 77, we can uniquely determine a non-zero coefficient vector b;_,, and an

interval constant vector y*(r) = {~*, Y741} for any arbitrary invertible matrices A} , Ky 1
and Aj 5, such that

P)/*(l‘f') + Ar 2kl7_—1blr7k'l7 if te :Z"lT N {t|t S T}

T

lr * * 3
’Y:( ) _ i G AZT,kaTlek’lT if t €Ly N {tlt > 7} (13)
0 else.
Since W', - (1) = A} o, —1 and Wiy (t14+1) = —A] ok, at the jump location, we

can rewrite (13) as

* l,,- E3 .
,Y:(lf) _) () 4 VVsz,T (T)sz,le if tel, (14)
0 else.
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Now, we proceed with the second thinnest interval Z; | and define iteratively a second
sparse vector with one jump at Z; _,. Let

’y;( lf t 6 z—l_,.71 \z-lT
,y:(u—l) ={ )t tel,
0 else.

Note that ; is constant over Z; _, \ Z; ; it can be either 77 or v; ;. Now, because
y*(r) £ {4 4% 1}, we can determine a second unique non-zero coefficient b1k, _, and

a second unique constant *(r—1) £ s ’y*(lf)} for any arbitrary invertible matrices
Al o _jand Af o such that
T—14R 4 T—14rl 4

( ) ,y*(lq——l) + A;T—1,2k1T71—1bl7717k17—71 lf t c .,ZlT71 \IlT
lr—1 .
’y: = ,y*(lf—l) + A;T—172kl7_71@l7717kl7—71 lf t € .’Z:lT

0 else

and, because of the same argument as above,

t

7*(l,.—1) _ ,y*(lf—l) =+ vvlt—fl,kl.r_lblﬂ'_laku—l if t e Ilr—l
0 else.

Recall that Wy . - (t) =0 for all t ¢ 7;_, adding W ko (t)by , on both sides, gives

”yf + VVlt,kl (t)b”gl if te Ilf—l \Il.r
*(l-—1 * * >|‘<r :
’Yt( ) + VVlT,le (t)bl,kl = ~ (Ir) + I/Vlﬂle (t)bl,kl if t e ZIT
0 else.

Because *(7) + Wi 1, (Dbig, =7 for allt € Ty, we can verify

* — lT * * :
YT W (b, = { P Y Wi Wb =07 i €T,
TR ) O

else.
: #(tr—1) . (tr—2) . . . .
Replacing ~, with y*, and proceeding recursively with one jump sparse vector
constructions over 'y:(lT_l), for i € {2,...,1;}, we end up with
I
=7+ W, (Db, vte{1,...,T"}.
=2

Finally, since v*(!) is a constant and Wii(t) = A7q, vt € {1,...,T}, we can express
v{ in terms of [, < L wavelet basis and [, non-zero coefficient vectors for any arbitrary
invertible matrices A = such that

I
W= Wik Dby, Vte{1,...,T*}.
=1

This completes the proof. [J
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Proposition 1 basically generalizes Lemma 1 to the case of (7™ x P*) matrices with
multi-jumps.

Proof of Proposition 1: To prove the preposition, we first define 7* = T — 1,
Vi = Y1, and W (1) = Wig(t + 1), for t = 1,...,T*. The basic idea of the proof is

to expand the original (T* x P) matrix v* = (v},...,74.)" in a series of S matrices so
that each new designed matrix contains at most one jump, and then make use of Lemma
1 (A).
The row presentation of v* can be expressed as follows
72 T
Y1 T
Yri+1 Yro
7* = Y72 = Vo
V241 Yr3
rYTs-‘r]. ’YTS+1
T Vrst1
for {m,...,7¢} C {2,...,T}. We can transform ~* in a series of S + 1 matrices,
Vryr s Ve, 8 follows:
7‘1‘1 77'1 - 77'2 rYTS_l - 77'5 rYTS
V1 Vi T Ve Vrs—1 — V7s Vrs
Vo 0 Yrs—1 — Vs Vs
’7‘1‘2 _ 0 o+ /-YTs_l _77'5 + /775 ’
V3 0 Vrs—1 — V7s Vrs
’VTS 0 0 ’Y‘I‘S
Vrs41 0 0 Trs41
V541 0 0 Yrs41
Y 77—“) WT(S) 7(7’54»1)

so that each new (7™ x P) matrix processes exactly one jump (except 7, .1, which is
constant over time). From Proposition 1, we know that each vector of the matrix 7, =
(7/1,75, . ,7}*775)/, s=1,...,5, has a unique expansion of the form

L K

iy = 2 O Wikt Ve {l,....T7}

=1 k=1
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with at most L non-zero coefficient vectors. The fact that v} = ZSS+11 Yt completes the

proof. [

B.2 Proofs of Section 2

Proof of Lemma 1: The IV estimator of our (modified) wavelets coefficients is given
by

Bl,k,p = — 1 Z Z lk zt,pAy'Lb

zlt2
L K,

= Zzzm it.p( ZZiZZIf it,gblk,g + Aeir),

th2 llqul

n

=bigyp+ WM =1 Z Z Z Zig it pAeit.

'th2q1

The last equality is due to the orthonormality conditions (A) and (B). Subtracting by,
from both sides and multiplying by /n(T — 1), we get, for [ > 1,

n(T — 1)(?)[7]%,, — bl,k,p) \/7 Z Z Z Zik zt,quzta

'th2q1

\/771 Z Z Z I/Vllg,pq z't,quitu

'th2q1

\/7_1222141%10(1[{121{ t) Zit,qAeit

11t2q1

\/7_1222& ok—1,pgHi126-1(t) Zit g Aeit,

i=1 t=2 q=1
P

= \/W Z Al 2k pq Z Z Zit qAei

i=1 te{H) 21 (t)#0}

\/W Z Al 2k—1,pq Z Z Zit,quita

i=1 te{H 2x—1(t)#0}

where Wiy, pq(t) and Aj,,pe are the (p,q)- elements of the matrices W, (t) and A,
respectively. and, for [ =1,

n(T — 1)(51,171) —brip) = /7 Z A1,1,pq Z Z Zit,gAeit.
i=1 t=2
From the eigenvalue assumption in Assumption B (i) it follows that with probability 1
||Ap2k]3 and || A 2k—1|]3 are bounded uniformly in [, k. Therefore, there exists a constant
C < oo such that with probability 1
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V(T = 1) by — byl (15)
P n
<C- NG max{| Z Z Zit,qAei, | Z Z Zit.qAeir|}

i=1 te{Hy 21 (t)#0} i=1 te{Hj 2r—1(t)#0}

and
n(T = Dby — by <C- ———ee ax| Z Z Zit,qAeq| } (16)
VALl ( i=1 t=2

For arbitrary d > 0 Assumption C implies that for all 1 < s < s/ < T and any
p=1,...,P

n s og(T—1)\1/4
P (g | S0 S Zuphen] = (LEBSED) o) )

< So exp(—(v2 + d) log(T — 1)) = 8o(T — 1)~(V2+d)

By (15) - (17) we can conclude that with My = 2CP\/M(%)1/52

P <sup V(T —1) ‘Bl,k,p - bl,k,p’ > Mglog(T — 1)1/52>

L,k,p

<ZP< T-1) ‘blkp blkp‘>Md10g( )1/62>,
l,k,p

< 2L71£50(T _ 1)7(\/§+d) = 6oP(T — 1)7(\/§+d)+1

where >, ;. denotes the triple summation ZZL: 1 ZkK:’ 1 p 1- Assertion (i) of the lemma
is an immediate consequence, while (ii) follows with M := M. O

Proof of Theorem 1: We have first to prove that (i) : sup; [Yp — Yep| = 0p(1)
forall p e {1,...,P}if VT —1N\,7 — 0, as n,T — oo or n — oo and T is fixed, and

then conclude that (ii) : +5 Zthg 115 — 7l]? = Op((log(T — 1)/n)%), if VT — 1Ny 1 ~
(log(T — 1) /n)%/?, for r €]0,1].
By construction,

. P I K s P L K
Vo = Ve = Dge1 211 Db Wikipg (D01kg — D201 22121 2okt Wikpg (8)bik,g,  (18)

where

Bl,k,q =Dy — kg (bug, nT)- (19)

and

Wik pq(t) = A 2k,pq(t) Hi ok (t) — At 2k—1,pq(t) Hyop—1(1), (20)
= V2072 A) o1 pL(Hy ok (t) # 0) — V2172 A; 91 g I(Hy 21— 1 (t) # 0).
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Plugging (19) and (20) in (18) and using the absolute value inequality, we get

P L K,
Yo — Vep| < Z Z Z \/ﬁMl,zk,qu(Hl,?k(t) 7 0)(bi kg = bik.q)]

q=11=1 k=1
P L K,
D2 Z V22| Ay g g (i 21 () # 0)b1 g X([Buk ] < Anr)]
qg=1 =1 k=
P L K

+ Z Z Z W|Al 2k—1,pq I(H2r-1(t) # 0)(bl,k,q - Ql,k,q)|
q=1 =1 k=
P L K,

3NN T V22 Ay T (H -1 (8) # 0)bge qX(1Brkgl < Anir),
q=11=1 k=1
=a+b+cH+d.

Because Bl,k,pI(VN)Lk’p] < A1) < A and ‘i’l,k,p —
p€{l,..., P}, we can write

Jkp — bigp| for all

P L K
a < sup |bl,k,p — bl,k,p| Z Z ’Al,Qk,pq v 21721(Hl,2k:(t) 7& 0)|a
Lk,p q=1 I=1 k=1
P L K
D<At DD D Aok pg V22T (Hyon(t) # 0)],
¢=11=1 k=1
P L K
c< Sup iy = bkl D> D 1 AL2k1pgV 22 T(Hy24(t) # 0)], and
foP g=11=1 k=1

=

l

d<Xnr1 | A ok—1,pgV 2L 21(Hy 211 (t) # 0)].

NE
M=

=1

b
Il
—

<
Il
—

From the eigenvalue assumption in Assumption B (i) it follows that E(||A4;2¢|/*) and
E(||Ar26-1]|*) are bounded uniformly in I and k. We can deduce that

P L Kl L Kl
DD MAiakpe V2L Hyk(t) # 0) = Op(1) D V2 =21(Hya(t) # 0)] and
g=1 1=1 k=1 =1 k=1
P L K K
ZZ |Aj 2—1,pg V2120 (Hy 21 (t) # Z [V2I=21(Hy g1 (t) # 0)].
q=1 1=1 k=1 1=1 k=1

Moreover, from the construction of Hjox(t) and Hjor—1(t), we can easily verify that

L K L
supzz\/ﬁl (Hi2n—1( )#O)ZZW:O(W>:O( T-1)
1=1 k=1 =1

By Lemma 1, we can infer that

= SUP;k.p |El,k,p - bl,k,p’ X Op( VI — 1) + )\n,T X Op( VI — 1)7

= 0, (1/28I=1 | T N, 7). (21)

sup [Yep — Vtp
t,p
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Assertion (i) follows immediately if /1" — 1A, 7 — 0 with log(T'—1)/n — 0, as n, T — oc.
Consider Assertion (ii). Let £, := {(l,k)|b; 1, = 0} denote the set of double indexes

corresponding to the non-zero true wavelet coefficients so that v, , = 25:1 Yo Zszll Wi kpg(t) b1 kg

can be written as ,
Ttp = Z Z Wike,pq (1)1 e.q»
q:1 (lvk)e‘cp

- P L K ?
and yp = 2;1 D11 2kt Wikpg(0)bi g as

:Yt,p Z Z VVlk:,pq bl k,q+z Z Wlk,pq bl kg

q=1 (l,k)eL, =1 (Lk)¢L,
The difference, can be written as
P
Ve — %,p—z Z Wik pg(t) bqu b k.g) + Z Z Wik pq(t )blkq
a=1 (L,k)eLy a=1 (Lk)¢Lyp

Averaging the square, we get

1 T-1 1 T—1 P 2
T_1 (Yt — "thp)Q = T_1 Z Z Wikpq () (bikig — bik,q)
t=2 t=2 \q=1 (Lk)eLp
L, T (E 2
T T_—1 Z Z Wik pg(£)b1,k
t=2 \¢=1 (Lk)¢Lp
1 T-1 [ P
T 1 Z Z Wikpg () (brkg — i) | X
t=2 \q=1(l,k)eL,
P
Z Z VVlk,pq@)bl,k,q )
q=1 (Lk)¢Ly
1 T—1 1 T—1 T—1
- - 2 - 2
T To14Y troT ;fﬁ T—1 ;etft

From the analysis of assertion (7), we can see that

P
et = sup |bygp — bipp|Op(1 )Z Z V2IT T (Hy o1 (t) # 1 Hiow(t) # 1)

lk,p q=1 (I,k)eLy

B log(T' — 1)
= Ol n(T —1)

and
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Using Cauchy-Schwarz inequality to (Zqﬂzl Z(l,k)ecp V2T Hy o1 (t) # 1; Hy o (t) #
1))? over (I, k), we can infer that

P

log(T —

el < OP(T Z_: lgﬁ 2" () o1 (t) # 15 Hyop(t) # 1),
- P
and
T—2
f2<( sup |bu, -1).
T 1 tz e=l, k)ecp,p| p))20p(T

If VT — IAy1 ~ (log(T — 1)/n)*/2, then plim (77 "2 f2) = 0 as T and\or n pass to
infinity, for any s €]0,1[.

Let us now examine the average of e over t. If, in total, the maximal number of
jumps is §* = Zf Sp, then by Proposition 1 the number of non-zero coefficients is at
most (S* + 1)L. By taking the average of e? over ¢, we can hence infer that

log(T — 1)

To12.% < p(m + A r) (min{($* +1)log(T — 1), (T~ 1)}).

F mally, because phm(T 1 Zt 5 [#) = 0, by Cauchy-Schwarz inequality, we can infer that
Til thz esf also can be neglected. Thus

T—

J*(log(T — 1) /n)"

)_l

T 1

where J* = min{(S* + 1)log(T — 1), (T"—1)}. This completes the proof. [J

B.3 Proofs of Section 3

Proof of Lemma 2: We have to show that

sup [, — e | = 0, (Viog(T = 1)/ (n(T — 1)),
k,pe{l,...,P}

for m = s, u.
For p € {1,..., P} and m = s, we have by construction

T
~(s s ]- -
C(L )k,p B C(L )k,p = 7 _ 1 Z wL,k(t - 1)(%‘/717 - ’Yt,P)v

Zka t— 1 Z Wl m,pq blmq bl,m,q)y

l,m,q
1 -
=7 > YLkt=1 Y Winpg(t)brmg — bima),
te{vr k(t—1)#0} lim,q
where > denotes the triple summation ZL ZKZ L2
lim.g p 1=1 2uk=1 22q=1"
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Taking the absolute value, we obtain

- 1
16— ik pl < SUD By — bl > Yokt —1) Y Wimpq(t)]-
Lo te{wr 1 (t—1)#0} Lm.gq

Recall that —+ Dotefup pt—1)2£0} YL k(t — 1)2 = 1. By using Cauchy-Schwarz inequality,
we can easily verify that

te{wr x(t—1)#£0} lm,q te{yr k(t—1)#0} Lm,g

Because the support of ¢, ,(t — 1) is of length 2 (3, I(t € {¢px(t — 1) #0}) =2),
by using a similar analysis to that used in the proof of Theorem 1, we can easily verify
that the term in the last inequality is Op(1). By Lemma 1, we can hence infer that

Chp

<Sup’6u€p blkp|0 \/Iog *1 /’I’L ))

Lk,p

s)
‘CL,k,p

The proof of supy, 4, |E(Llf?€’p - C(L%L’p| being Op(+/log(T — 1)/n(T — 1)) is similar and thus
omitted. O

Proof of Theorem 2: We begin with defining the following sets for each p €

{1,...,P}:

Tp = {T1ps.-- ,Tgpp},

Ty =A{1,...,T}\ Ty,
Tpi=12,4,...,T =1} N J,,

J ={3,5,...,T}N T,

7; ={2,4,..., T —1}\ Jp, and
J¢=1{3,5,....T}\ T,

Here, J), is the set of all jump locations for parameter S, J; is its complement, which
contains only the stability intervals, 71, is the set of all even jump locations and J 18
the set of all odd jump locations so that 7,, N lp = () and 71, U ip = Jp. Finally, the

sets 7; and J ; define the complements of J, and J. » respectively.
Define the event

W, = { sup {|Aﬂt \Ifc + ]AB |ch} =0},
teJe, pefl,....P}

where Ize = I(t € J;), Lye = I(t € J;) and I(.) is the indicator function.
. J
To prove that no jump can be identified in the stability intervals, we have to show,
that P(w, ) — 1, if l:g(g;, 11))/\nT — 00, as n,T — oo or as n — oo and T is fixed.

Note that 7; and J. ; are adjacent.

% Z wL,k(t - 1) Z I/Vl,m,p,q(t) S ﬁ Z (Z VVZ,mvP:Q@))

1/2
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Let’s now start with the no-jump case in 7; By construction, we have, for all
te{2,4,...,T -1},

Kp,
ABY =37 Ay k()&
k=1

Recall that at [ = L, the construction of the wavelets basis implies that at each t €
{2,4,...,T — 1} there is only one differenced basis Aty () that is not zero. Let
= {kAYLi(t) # 0, t € Ty} = {klA¢Lr(t —1) # 0, € J°}. We can infer that

K . .
{supt€7 | Dot A i(t )C(LULP\ = 0} occurs only if {supke,g |C(Lu3€p| = 0} occurs.
By analogy, we can show the same assertion for the complement set j ¢, ie., {sup,c ge |Aﬂt \ =

0} occurs only if {SUPkeng ‘CL7k7p| = 0} occurs.
To study P(wy,7), it is hence sufficient to study

P( sup |cL k7p| =0)=P( sup €L 1epl < An1)-
kEK;,m,pE{l,,P} kE’C;,m,pE{l,,P}
By Lemma 2, supyerce m pef1,..., P} ‘5(Lr,r;g),p‘ = Op(\/log(T —1)/n(T — 1)), since cé@,p =

0, for all k € K, and p € {1,...,P}. Thus, if log(g;“—ll)))‘",T — 00, as n,T — oo or
n — oo and T is fixed, then P(wy ) — 1.

To complete the proof and demonstrate that all true jumps will be asymptotically
identified, we suppose that there exists a jump location 7, € 7p uJg » for at least one

p € {1,..., P} that is not detected and show the contradiction. If 7;, € 7, then

’AﬁT]pp‘Ii + ‘A/BT]pp“:J = ‘Aﬁ‘rﬂ,p|

Adding and subtracting Aﬂﬁﬁ,p, we get

Kp
s Z AGLi(mip) @ — & ) =3 Adpa(mip)d) @Y, < Aar)
k=1

KL

+ Z AwL,k(Tj,p)c(qu])gm:
k=1

=I1+1I+1I1I.

By Lemma 2, I = op(1), II = op(1) as long as VT — 1\, 7 — 0, and III # 0 because
LAY (t )CLLP = ABT]p,p # 0. The probability of getting Aﬁgl,p = 0 converges
hence to zero.
If rj, € T then

|ABT7p,p| 7 + ‘A/B’T]pp“:j |A6T] p,p|
The prove is similar to the case of 75, € 7p and thus omitted. This completes the proof. [

Proof of Theorem 3: Recall that the post-Wavelet estimator is obtained by
replacing the set of the true jump locations 71,1, ..., 75, 41,1, -+ -, TPy -+, TSp+1,P I B(7) =
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(BATLI, .. ,BTSHM, .. 7/37'1,1:)7 .. 7/BTSP+1,P)/ by the estimated jump locations 7 := {7;,|j €
{1,...,S + 1}, p e {1,...,P}}, given S1 = S1,...,5, = Sp. By using Theorem 2, we
can infer that, conditional on S1 = S1,...,5, = S,,

\/E,T(?.)B(%) = \/ﬁﬁE)B(T) + Op(l)-

A~

1 1
To study the asymptotic distribution of \/777?% B(#) it is hence sufficient to study \/ﬁ’T(ﬁ)B(T)

n T
= (D22 ZinAXi ZZ it (nAYir)

i=1 t=2 =1 t=2

Z ZimAX}, Z Z Zit (m DNéit).

zlt2 =1 t=2

1
Scaling by \/ﬁﬁ;) and rearranging, we get

1 n T . -1 1 n T
VT2 (B — By) = <("T<T)>_1 > Zit:(T)AXit,(T)> ( nTry) 2D D Zintr Aezt) :
=11

=2 i=1 t=2

By Assumption E, the first term on the right hand side converges in probability to Q‘(’T)
and the second term converges in distribution to N (0, V(‘;)) Slutsky’s rule implies

~

\/ﬁﬁé) (5(7) - IB(T)) £> N(0, (Q((Jr))_l(v(i))(Q(()T))_l),
It follows
VAT (B = Bio) = VATE By = i) +0p(1) N, Q7)™ (V00) (@) ™)

This completes the Proof. [J

Proof of Proposition 2 Consider ¢ = 1 (the case of homoscedasticity without
presence of auto- and cross-section correlation). Because by Assumption E, we know
that

(nT(7)) -1 ZZ it (7) AX £> Q) and

it suffices to prove that

T = 0TV S8 Za oy Zan iy B VLY,

i=1 t=2
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where v(” (0Tr) ™ iy S0y Zit (1) 2y ()02 With 02 = Bo(Aésy).

n T n I
o_yo_ 1 ey — o o :
V(T) V(T) - (m Z Z A&y —o )(nﬁf’)) Z Z Zit’(%)Zit’(%)j
i=1 t=2 i=1 t=2
n T "
— 402 <(n’f<%>>‘1 > ZiZin ~ (0 Tn) ™ DD Zinr) ZMT)) ’
im1 =2 i=1 t=2

n T n T
1 . 1 _
lall < gy Do D A8 =020 33 Te) ™ 2o
i=1 t=2 i=1 t=2
1 n T 1 n T
=\ 77— Z Z((Aézzt - Ae?t) + (Ae?t - ‘72)) - Z Z H(ﬁ%))flﬂzz‘t,(%)”z'
n(T —1) n
i=1 t=2 i=1 t=2
From
Aéit = A}/zt - AXim(»;)B(%)a
= Aéi + AXyy 7)(Br) — B)s (22)

and by using Theorem 3 together with Assumption B (ii), we can show that

Z Z Aéy — Z Z Aéjr = op(1 (23)

i=1 t=2 i=1 t=2
By the law of large numbers,

n T
Aéy — 0 = 0,(1).
i=1 t=2

Thus, [|al| = (0p(1) +0p(1))Op(1) = 0p(1). Moreover, from Theorem 2, we can infer that,
given S = S51,...,5p = Sp,

n T

n T
! Z Z Zit,(7)Zit,(7) nT(T) - Z Z Zit (7) )+ op(1).

i=1 t=2 i=1 t=2

Thus,

(1 1
Ve = Ve = on(D).

Consider ¢ = 2 (the case of cross-section heteroscedasticity without auto- and cross-section
correlations). Because of Assumption E, it suffices to prove that

‘/((2) Z Z it (T it £> ‘/(5-2))7

i=1 t=2
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where V((f)) = (nT(r))~ DY Zt 2 Zit,(r) Ly (7)02'2’ with 07 = Ec(Aéy).

n
(2) 2 1 22
Vo ~ Vi = 260 Z Z
i=1
+ = ZU ( 1ZZzt Zy (T) (T) ZZHS Zy (T>7
= d+ e.
1 n T
l|d]| < ;Z(&? — o)) W(Tw) " Zin ) |2,
=1 t=2

1 & 1 T 1 T
_ A2 2_ = N A N2z 2,
w2 (0F = gy 25 Ay 2 Tee) ™ Zugo |

t=2

From Equation (22), and Theorem 3, we can infer

T T

1 ; 1 '
m ; Aéj — m Z Aéiy = op(1)v, (24)

where £ > | |1;] = O,(1). Moreover,

T
Z 1) s, (25)
=2

where 23" | |u;| = O,(1). Note that the first terms in (24) and (25) do not depend on
i. By using Assumption B (ii), we can infer

n T

n T
1 _ 1 _
1]l < 0p (1) il 3 (Tie)) ™ Zito) I+ 0p (D)= D il 3 11(Te) ™ Zua oI,
i=1 t=2 ]
= 0,(1)0,(1) + 0,(1)0p(1).

The proof of e being 0,(1) is similar to the proof of b in the first part. This is because o2

does not affect the analysis.
(3 . _ T / . .
The proof of V%( ) being (nTin) 2 Yoy Zl-ty(T)Zit,(T)atz—i—op(l), with 02 = E.(Aéy)
is conceptually similar and thus omitted.
Finally, consider ¢ = 4 (The case of cross-section and time heteroscedasticity without
auto- and cross-section correlations). As in the previous cases, all we need is to prove

that
O (4) -1 P 1(4)
Ve ZZZn ;D Ve
=1 t=2
where
n T

V) = 0T) ™ D0 Ziuiry Zay )9

=1 t=2
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with 02 = E.(Aéyt).

o7 (4) 4 _ .9
Yo~V = z; ; Zit )2 - Aéh)
! Z Z it,( 7') it (7— Zy (7') ( ))Aezt

i=1 t=2

n T
717’(7—))71 Z Z Zit,(T)Zit,(T)(Aézzt - 01'216)'

=1 t=2

=f+g+h

Cauchy-Schwarz inequality implies

n T 1/2 n T 1/2
I1f]] < ((RT(T))lzZHZu,(T)Hz) (nT(T) 122 (A5, — Aé3) ) = op(1).

i=1 t=2

By using Theorem 3, we can also verify that ||g|| = o0,(1). Finally, Cauchy-Schwarz,
Assumption B (ii), the law of large numbers implies that ||h|| = 0,(1). It follows

This completes the proof. [J
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C Simulation Results
DGP2
Post-SAW Qian and Su (2016)

s T =n 5 |6 BI>/T HD/T 5 |6 B|I>/T HD/T

1 33 30 1.320(0.905) 0.625 (1.671) 0.079 (0.141) 1.038 (0.229) 0.000 (0.000) 0.009 (0.055)
1 33 60 1.052(0.271) 0.013 (0.180) 0.010 (0.056) 1.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1 33 120 1.010 (0.118) 0.000 (0.000) 0.001 (0.008) 1.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1 33 300 1.002(0.045) 0.000 (0.000) 0.000 (0.001) 1.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1 65 30 1.494(1.092) 0.766 (1.801) 0.114 (0.160) 1.002 (0.045) 0.000 (0.000) 0.000 (0.003)
1 65 60 1.122(0.428) 0.012 (0.176) 0.020 (0.077) 1.000 (0.000)  0.000 (0.000) 0.000 (0.000)
1 65 120 1.006 (0.077) 0.000 (0.000) 0.000 (0.004) 1.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1 65 300 1.000(0.000) 0.000 (0.000) 0.000 (0.000) 1.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1 129 30 2432 (2.597) 0.613 (1.530) 0.202 (0.179) 1.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1 129 60 1.196 (0.531) 0.000 (0.000) 0.032 (0.098) 1.000 (0.000) 0.000 (0.000) 0.000 (0.000)
1 129 120 1.026 (0.213) 0.000 (0.000) 0.003 (0.032) 1.000 (0.000)  0.000 (0.000) 0.000 (0.000)
1 129 300 1.000 (0.000) 0.000 (0.000) 0.000 (0.000) 1.000 (0.000) 0.000 (0.000) 0.000 (0.000)
2 33 30 2.216 (1.771) 0.930 (1.565) 0.106 (0.140) 2.046 (0.237) 0.000 (0.000)  0.005 (0.029)
2 33 60 2.060 (0.304) 0.019 (0.183) 0.010 (0.049) 2.002 (0.045) 0.000 (0.000) 0.000 (0.005)
2 33 120 2.014 (0.134) 0.000 (0.000) 0.001 (0.009) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
2 33 300 2.000 (0.000) 0.000 (0.000) 0.000 (0.000) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
2 65 30 2448 (2.458) 1.158 (1.679) 0.137 (0.141) 2.006 (0.077) 0.000 (0.000) 0.001 (0.014)
2 65 60 2.072(0.389) 0.033 (0.244) 0.013 (0.055) 2.000 (0.000) 0.000 (0.000)  0.000 (0.000)
2 65 120 2.006 (0.077) 0.000 (0.000) 0.000 (0.004) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
2 65 300 2.000 (0.000) 0.000 (0.000) 0.000 (0.000) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
2 129 30 3.100 (3.729) 1.209 (1.645) 0.166 (0.129)  2.000 (0.000) 0.000 (0.000)  0.000 (0.000)
2 129 60 2.196 (0.609) 0.027 (0.215) 0.020 (0.064) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
2 129 120 2.020 (0.166) 0.000 (0.000) 0.001 (0.014) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
2 129 300 2.000 (0.000) 0.000 (0.000) 0.000 (0.000) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3 33 30 3.152 (1.599) 0.967 (1.385) 0.107 (0.123) 3.050 (0.252) 0.000 (0.000) 0.004 (0.021)
3 33 60 3.068(0.316) 0.015 (0.137) 0.007 (0.033) 3.004 (0.063) 0.000 (0.000) 0.000 (0.003)
3 33 120 3.006 (0.077) 0.000 (0.000) 0.000 (0.004) 3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3 33 300 3.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3 65 30 3.482(2.920) 1.156 (1.470) 0.129 (0.124) 3.010 (0.100) 0.000 (0.000)  0.002 (0.016)
3 65 60 3.106 (0.418) 0.014 (0.139) 0.009 (0.036) 3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3 65 120 3.014 (0.148) 0.000 (0.000) 0.000 (0.003) 3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3 65 300 3.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3 129 30 4.296 (5.102) 1.228 (1.483) 0.145 (0.105) 3.000 (0.000)  0.000 (0.000)  0.000 (0.000)
3 129 60 3.174 (0.879) 0.042 (0.236) 0.019 (0.056) 3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3129 120 3.028 (0.208) 0.000 (0.000) 0.002 (0.016)  3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3 129 300 3.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
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DGP3
Post-SAW Qian and Su (2016)

S T =n S 18- BI1?/T HD/T S \8—BIF/T HD/T

133 30 0.996 (0.063) 0.028 (0.346) 0.000 (0.000) 2.254 (1.781) 0.012 (0.012) 0.150 (0.177)
1 33 60 0.992 (0.089) 0.025 (0.248) 0.000 (0.000) 1.290 (0.671) 0.003 (0.004) 0.051 (0.119)
133 120 1.000 (0.000) 0.002 (0.002) 0.000 (0.000) 1.046 (0.237) 0.001 (0.001)  0.008 (0.045)
1 33 300 1.000 (0.000) 0.001 (0.001) 0.000 (0.000) 1.006 (0.077) 0.000 (0.000) 0.001 (0.020)
1 65 30  0.998 (0.045) 0.014 (0.244) 0.000 (0.000) 1.390 (0.982) 0.004 (0.005) 0.059 (0.131)
1 65 60 0.988 (0.109) 0.035 (0.303) 0.000 (0.000) 1.036 (0.197) 0.001 (0.001)  0.009 (0.055)
1 65 120 1.000 (0.000) 0.001 (0.001) 0.000 (0.000) 1.004 (0.063) 0.000 (0.000) 0.001 (0.015)
1 65 300 1.000 (0.000) 0.000 (0.000) 0.000 (0.000) 1.002 (0.045) 0.000 (0.000)  0.000 (0.006)
1 129 30 0.992 (0.089) 0.045 (0.486) 0.000 (0.000) 1.042 (0.237) 0.001 (0.001)  0.010 (0.054)
1 129 60 0.990 (0.100) 0.029 (0.277) 0.000 (0.000) 1.006 (0.077) 0.000 (0.000) 0.001 (0.013)
1 120 120 0.998 (0.045) 0.004 (0.080) 0.000 (0.000) 1.002 (0.045) 0.000 (0.000)  0.000 (0.000)
1 129 300 1.000 (0.000) 0.000 (0.000) 0.000 (0.000) 1.000 (0.000) 0.000 (0.000)  0.000 (0.000)
2 33 30 2.000(0.000) 0.010 (0.008) 0.000 (0.000) 3.196 (1.647) 0.013 (0.011) 0.089 (0.108)
2 33 60 1.986 (0.118) 0.032 (0.222) 0.005 (0.039) 2.238 (0.631) 0.003 (0.004) 0.021 (0.059)
2 33 120 1.998 (0.045) 0.004 (0.050) 0.001 (0.015) 2.054 (0.267) 0.001 (0.001) 0.006 (0.032)
2 33 300 2.900 (0.000) 0.001 (0.001) 0.000 (0.000) 2.002 (0.045) 0.000 (0.000) 0.000 (0.007)
2 65 30 1.994 (0.077) 0.026 (0.272) 0.002 (0.025) 2.350 (0.872) 0.004 (0.005) 0.030 (0.076)
2 65 60 1.976(0.153) 0.047 (0.282) 0.008 (0.049) 2.074 (0.317) 0.001 (0.001) 0.007 (0.036)
2 65 120 1.998 (0.045) 0.004 (0.054) 0.001 (0.014) 2.010 (0.100) 0.001 (0.001) 0.001 (0.017)
2 65 300 2.900 (0.000) 0.000 (0.000) 0.000 (0.000) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
2 129 30 1.988 (0.109) 0.046 (0.397) 0.004 (0.036) 2.064 (0.310) 0.001 (0.002) 0.008 (0.040)
2 129 60 1.958 (0.201) 0.079 (0.372) 0.014 (0.067) 2.000 (0.000) 0.001 (0.000) 0.000 (0.000)
2 129 120 1.992 (0.089) 0.010 (0.106) 0.003 (0.030)  2.000 (0.000) 0.000 (0.000)  0.000 (0.000)
2 129 300 2.000 (0.000) 0.000 (0.000) 0.000 (0.000) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3 33 30 2.998 (0.045) 0.018 (0.123) 0.000 (0.011) 4.272 (1.560) 0.015 (0.012) 0.067 (0.078)
3 33 60 2.994 (0.077) 0.014 (0.104) 0.001 (0.019) 3.378 (0.707) 0.005 (0.004) 0.027 (0.053)
3 33 120 3.000 (0.000) 0.003 (0.002) 0.000 (0.000) 3.058 (0.258) 0.002 (0.001) 0.005 (0.025)
3 33 300 3.000 (0.000) 0.001 (0.001) 0.000 (0.000) 3.004 (0.063) 0.001 (0.000) 0.000 (0.005)
3 65 30 2.988 (0.126) 0.035 (0.291) 0.003 (0.031) 3.484 (1.026) 0.006 (0.005) 0.030 (0.061)
3 65 60 2.974 (0.159) 0.039 (0.221) 0.006 (0.039) 3.068 (0.289) 0.002 (0.001) 0.005 (0.026)
365 120 2.998 (0.045) 0.003 (0.040) 0.000 (0.011) 3.008 (0.089) 0.001 (0.001) 0.001 (0.007)
365 300 3.000(0.000) 0.001 (0.000) 0.000 (0.000) 3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3120 30 2.994 (0.077) 0.019 (0.209) 0.001 (0.019) 3.082 (0.340)  0.002 (0.002) 0.007 (0.032)
3 129 60 2.948 (0.231) 0.072 (0.307) 0.013 (0.057) 3.012 (0.126) 0.001 (0.001) 0.001 (0.008)
3129 120 2.992 (0.089) 0.008 (0.079) 0.002 (0.022) 3.002 (0.045) 0.000 (0.000) 0.000 (0.001)
3120 300 3.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
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Post-SAW Qian and Su (2016)

S T =n S 18- BI1?/T HD/T S \8—BIF/T HD/T

133 30 0.996 (0.063) 0.027 (0.347) 0.000 (0.000) 5.764 (3.071) 0.045 (0.026) 0.347 (0.151)
1 33 60 0.996 (0.063) 0.014 (0.176) 0.000 (0.000) 2.818 (2.066) 0.013 (0.011) 0.201 (0.187)
133 120 1.000 (0.000) 0.001 (0.001) 0.000 (0.000) 1.418 (0.844) 0.003 (0.003) 0.072 (0.139)
1 33 300 1.000 (0.000) 0.001 (0.001) 0.000 (0.000) 1.026 (0.171) 0.001 (0.001) 0.004 (0.035)
165 30 0.996 (0.063) 0.025 (0.345) 0.000 (0.000) 4.132 (3.586) 0.020 (0.018) 0.235 (0.197)
1 65 60 0.984 (0.126) 0.046 (0.349) 0.000 (0.000) 1.562 (1.173) 0.003 (0.005) 0.081 (0.154)
1 65 120 1.000 (0.000) 0.001 (0.001) 0.000 (0.000) 1.100 (0.350) 0.001 (0.001)  0.020 (0.081)
1 65 300 1.000 (0.000) 0.000 (0.000) 0.000 (0.000) 1.002 (0.045) 0.000 (0.000)  0.000 (0.006)
1 120 30 0.992 (0.089) 0.045 (0.486) 0.000 (0.000) 1.640 (1.491) 0.004 (0.006) 0.081 (0.151)
1 129 60 0.980 (0.140) 0.056 (0.389) 0.000 (0.000) 1.060 (0.262) 0.001 (0.001) 0.014 (0.070)
1 120 120 0.998 (0.045) 0.004 (0.080) 0.000 (0.000) 1.016 (0.141)  0.000 (0.000)  0.005 (0.046)
1 129 300 1.000 (0.000) 0.000 (0.000) 0.000 (0.000) 1.000 (0.000) 0.000 (0.000)  0.000 (0.000)
2 33 30 1.994 (0.077) 0.029 (0.277) 0.002 (0.026) 6.778 (3.004) 0.047 (0.025) 0.216 (0.096)
2 33 60 1.994 (0.077) 0.015 (0.145) 0.002 (0.026) 3.728 (1.881) 0.014 (0.011)  0.138 (0.120)
2 33 120 2.000 (0.000) 0.002 (0.002) 0.000 (0.000) 2.356 (0.755) 0.003 (0.004) 0.038 (0.082)
2 33 300 2.000(0.000) 0.001 (0.001) 0.000 (0.000) 2.046 (0.228) 0.001 (0.001) 0.006 (0.031)
2 65 30 1.998 (0.045) 0.011 (0.166) 0.001 (0.014) 5.128 (3.252) 0.021 (0.016) 0.160 (0.125)
2 65 60 1.982(0.133) 0.035 (0.243) 0.006 (0.043) 2.592 (1.173)  0.004 (0.005) 0.052 (0.097)
2 65 120 1.998 (0.045) 0.003 (0.052) 0.001 (0.014) 2.086 (0.350) 0.001 (0.001) 0.010 (0.044)
2 65 300 2.000 (0.000) 0.000 (0.000) 0.000 (0.000) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
2 129 30 1.994 (0.077) 0.024 (0.282) 0.002 (0.026)  2.730 (1.694) 0.005 (0.007) 0.048 (0.092)
2 129 60 1.956 (0.215) 0.080 (0.379) 0.013 (0.065) 2.116 (0.413) 0.001 (0.001) 0.014 (0.051)
2 129 120 1.996 (0.063) 0.005 (0.075) 0.001 (0.021) 2.012 (0.126) 0.001 (0.000) 0.001 (0.014)
2 129 300 2.000 (0.000) 0.000 (0.000) 0.000 (0.000) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3 33 30  2.992 (0.089) 0.033 (0.240) 0.002 (0.022) 7.476 (2.854) 0.048 (0.025) 0.153 (0.071)
333 60 2.990 (0.100) 0.019 (0.139) 0.002 (0.024) 4.590 (1.716) 0.014 (0.010)  0.084 (0.080)
333 120 2.998 (0.045) 0.004 (0.039) 0.000 (0.011) 3.444 (0.858) 0.004 (0.004) 0.031 (0.060)
333 300 3.000(0.000) 0.001 (0.001) 0.000 (0.000) 3.068 (0.296) 0.001 (0.001) 0.007 (0.030)
365 30 2998 (0.045) 0.011 (0.120) 0.000 (0.011) 6.064 (3.310) 0.022 (0.017) 0.107 (0.086)
3 65 60 2.966(0.181) 0.050 (0.251) 0.008 (0.045) 3.610 (1.160) 0.005 (0.005) 0.037 (0.065)
365 120 2.998 (0.045) 0.003 (0.040) 0.000 (0.011) 3.104 (0.360) 0.002 (0.002) 0.009 (0.033)
365 300 3.000 (0.000) 0.001 (0.000) 0.000 (0.000) 3.006 (0.077) 0.001 (0.000) 0.001 (0.009)
3120 30 2982 (0.133) 0.052 (0.364) 0.004 (0.033) 3.766 (1.589) 0.006 (0.006) 0.040 (0.071)
3 129 60 2.968 (0.176) 0.046 (0.244) 0.008 (0.044) 3.138 (0.451) 0.002 (0.002) 0.010 (0.037)
3 129 120 2.986 (0.118) 0.013 (0.105) 0.003 (0.029) 3.016 (0.126) 0.001 (0.001) 0.002 (0.015)
3120 300 3.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.000 (0.000) 0.000 (0.000) 0.000 (0.000)
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133 30 1.000 (0.000) 0.005 (0.004) 0.000 (0.000) 4.296 (2.382) 0.037 (0.026) 0.240 (0.144)
1 33 60 1.000 (0.000) 0.003 (0.003) 0.000 (0.000) 2.558 (1.778) 0.012 (0.012) 0.131 (0.138)
133 120 1.000 (0.000) 0.001 (0.001) 0.000 (0.000) 1.736 (1.266) 0.004 (0.006) 0.064 (0.110)
1 33 300 1.000 (0.000) 0.000 (0.000) 0.000 (0.000) 1.188 (0.527) 0.001 (0.001) 0.014 (0.052)
165 30 1.000 (0.000) 0.002 (0.002) 0.000 (0.000) 4.242 (3.333) 0.021 (0.020) 0.206 (0.168)
1 65 60 1.000 (0.000) 0.001 (0.001) 0.000 (0.000) 2.092 (1.985) 0.005 (0.008) 0.091 (0.143)
1 65 120 1.000 (0.000) 0.001 (0.001) 0.000 (0.000) 1.330 (0.940) 0.001 (0.003) 0.033 (0.093)
1 65 300 1.000 (0.000) 0.000 (0.000) 0.000 (0.000) 1.014 (0.184) 0.000 (0.000) 0.001 (0.017)
1 129 30 1.000 (0.000) 0.001 (0.001) 0.000 (0.000) 3.008 (3.409) 0.009 (0.013) 0.126 (0.176)
1 129 60 1.000 (0.000) 0.001 (0.001) 0.000 (0.000) 1.474 (1.694) 0.002 (0.004) 0.034 (0.100)
1 120 120 1.000 (0.000) 0.000 (0.000) 0.000 (0.000) 1.074 (0.391) 0.000 (0.001)  0.009 (0.054)
1 129 300 1.000 (0.000) 0.000 (0.000) 0.000 (0.000) 1.000 (0.000) 0.000 (0.000)  0.000 (0.000)
2 33 30 2.000(0.000) 0.007 (0.006) 0.000 (0.000) 5.250 (2.389) 0.037 (0.026) 0.131 (0.079)
2 33 60 2.000 (0.000) 0.004 (0.003) 0.000 (0.000) 3.746 (1.887) 0.013 (0.012) 0.080 (0.077)
2 33 120 2.000 (0.000) 0.002 (0.001) 0.000 (0.000) 2.612 (1.142) 0.004 (0.005) 0.033 (0.056)
2 33 300 2.000(0.000) 0.001 (0.001) 0.000 (0.000) 2.112 (0.490) 0.001 (0.001) 0.007 (0.030)
2 65 30 2.000(0.000) 0.004 (0.003) 0.000 (0.000) 5.310 (3.286) 0.024 (0.020) 0.115 (0.095)
2 65 60 2.000(0.000) 0.002 (0.002) 0.000 (0.000) 3.236 (1.957) 0.007 (0.008) 0.054 (0.079)
2 65 120 2.000 (0.000) 0.001 (0.001) 0.000 (0.000) 2.296 (0.931) 0.002 (0.003) 0.015 (0.044)
2 65 300 2.000 (0.000) 0.000 (0.000) 0.000 (0.000) 2.034 (0.255) 0.000 (0.001) 0.002 (0.016)
2 129 30 2.000 (0.000) 0.002 (0.001) 0.000 (0.000) 4.046 (3.487) 0.010 (0.014) 0.074 (0.103)
2 129 60 2.000 (0.000) 0.001 (0.001) 0.000 (0.000) 2.424 (1.311) 0.002 (0.004) 0.022 (0.060)
2129 120 2.000 (0.000) 0.000 (0.000) 0.000 (0.000) 2.058 (0.327) 0.001 (0.001) 0.004 (0.023)
2 129 300 2.000 (0.000) 0.000 (0.000) 0.000 (0.000) 2.000 (0.000) 0.000 (0.000) 0.000 (0.000)
3 33 30 3.000 (0.000) 0.009 (0.006) 0.000 (0.000) 5.510 (1.696) 0.037 (0.024) 0.074 (0.062)
3 33 60 3.000 (0.000) 0.005 (0.003) 0.000 (0.000) 4.400 (1.237) 0.015 (0.011) 0.036 (0.037)
3 33 120 3.000 (0.000) 0.002 (0.001) 0.000 (0.000) 3.770 (0.855) 0.006 (0.005) 0.021 (0.026)
3 33 300 3.000 (0.000) 0.001 (0.001) 0.000 (0.000) 3.262 (0.523) 0.002 (0.002) 0.007 (0.014)
365 30 3.000(0.000) 0.005(0.003) 0.000 (0.000) 6.176 (3.184) 0.024 (0.020) 0.072 (0.057)
3 65 60 3.000 (0.000) 0.002 (0.002) 0.000 (0.000) 4.110 (1.902) 0.007 (0.008) 0.031 (0.044)
3 65 120 3.000 (0.000) 0.001 (0.001) 0.000 (0.000) 3.356 (0.957) 0.002 (0.003) 0.012 (0.029)
3 65 300 3.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.026 (0.264) 0.000 (0.001) 0.001 (0.010)
3 120 30 3.000 (0.000) 0.002 (0.002) 0.000 (0.000) 5.150 (3.469) 0.011 (0.013) 0.055 (0.072)
3 129 60 3.000 (0.000) 0.001 (0.001) 0.000 (0.000) 3.408 (1.154) 0.002 (0.003) 0.016 (0.042)
3129 120 3.000 (0.000) 0.001 (0.000) 0.000 (0.000) 3.056 (0.370) 0.001 (0.001) 0.003 (0.018)
3120 300 3.000 (0.000) 0.000 (0.000) 0.000 (0.000) 3.004 (0.089) 0.000 (0.000) 0.000 (0.005)
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